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SUMMARY
Theconceptof indicialfunctionsis
aerodynamicphenomenassociatedwiththe
wingsinstisonicandsupersonicflight.
arepointedoutandareusedto studythe
appliedto theanalysisof the
short-periodpitchingmodeof
Simplephysicalrelationships
effecton therotary-damping-
momentcoefficientof chagesin center-of-gravityposition,Machnumber,
aspectratio,planform,frequency,andthickness.Qualitativeconclu-
sionsaredrawnfromtheresultsof thisinvestigationa darecompared
withtheresultsofexperimentsfora seriesoflow-aspect-ratiow ng-
bodyconibinationshavingtriangular,swept,andunsweptwingplanforms.
Resultsof theexperimentalinvestigation,whichwereobtainedby a
single-degree-of-freedomfree-oscillationtechniqueovertheMachnumber
ranges0.6to0.9and1.2to1.9,wereingoodagreementwiththeresults
oftheoreticalcomputations.Thepredictionsofrsmgesof supersonic
hbchnumlerandcenter-of-gravitypositionsoverwhichdynamicinstabil-
itymaybe expected,of thebeneficialeffecton thedsnpingmomentofa
reductioninaspectratio,andofonlya smalleffectof thicknessonthe
dampingmomentwereconfirmedby theexperimentalresults.
TheoccurrenceathighsubsonicMachnumb=”sof small-amplitude
self-sustainedpitchingoscillationsi noted,anda hypothesisis
advancedforitsexplanation.
INTRODUCTION
Intheclassicalstudyof thelongitudinalmotionofan aircraft,
it isusuallyfoundthatthemotionresultingfroma smallequilibrium-
destroyingdisturbanceonsistsoftwomodes:one,a lightlydamped,low-
frequencymotionat essentiallyconstantattitude,calledthephugoid
l
2 NACARMA~2LOh
.
oscillation;theother,a rotary-pitchinga dplungingoscillationf .
highfrequency(relativeto thephugoidfrequency)calledtheehort-
periodoscillation.Thephugoidoscillationhasgenerallybeendescribed b
asresultingfroma slowinterchangeofpotentialandkineticenergyas
:theaircraftexperiencesperiodicvariationsinairspeedandaltitude.
Thecharacterofthephugoidmotionas influencedby airspeed,altitude,
andaircraftgeometryhasbeenwellunderstoodforsometime(see,e.g.,
ref.1). Theshort-periodmotion,ontheotherhand,havinginthepast
beenfoundtobe highlydampedandof shortduration,hasbeenthecause
ofno concern.It&characteristicsthereforehavenotbeenasfully
investigatedas thoseofthephugoidoscillation.Withtheadventof
flightat speedsapproachingaudexceedingthespeedof sound,however,
thelossofrotarydampingoccurringinpracticallyallaircraftat
speedsnearthesonicspeedhascausedrenewedinterestintheshort-
periodpitchingmode. Unliketheeasilycontrolledphugold,oscillation,
thedeteriorationofdampingintheshort-periodmodeisof seriouscon-
cerntothepilot,sincetheperiodoftheoscillationcanbe ofthe
sameorderofmagnitudeas thepilot’sreactiontime.Theoscillation
maythereforebe difficultor evenimpossibleforthepilotto control
m.nually.Furthermore,theadditionalloadimposedupontheairframe
duetoa rapidgrowthof theamplitudeofa negativelydampedoscillation
makespossibletheoccurrenceof structuralfailure.Itisthereforeof
considerableinteresto obtainanunderstandingofthenatureofthe
short-periodmode,paralleltothatwhichhasbeengainedofthephugoid
mode.
J
.
Onemeansofviewingtheaerodynamicphenomenaoccurringduringthe
short-periodscillationfroma fundamentalstandpointisthroughappli-
cationoftheconceptofindicialfunctions.Inthisapproach,thev&-
iationswithtimeoftheaircraftangleofattackandangularvelocity
duringtheoscillationarereplacedby a largenumberof smallinstanta-
neousor stepchanges.Thetransientaerodynamicreactionstothesestep
changesaretermed“indicialfunctions,”andhavebeencalculatedtheo-
reticallyforseveralclassesofwings(refs.2 to6). By suitable
superpositionoftheseresults(refs.7 to9),theaerodynamicforcesand
momentscausedby thegivenmaneuvercanbe studied.Itwillbe the
purposeof thisreport omakesucha studyforthesimplifiedcaseofan
aircraftperformingsingle-degree-of-freedomrotaryoscillations.For
thismaneuver,whichcorrespondsto theshort-periodscillationwhenthe
plungingvelocityoftheaircraftiszero,theuseof simplephysical
relationshipsassociatedwiththeindicialfunctionconceptenables
qualitativestudiestobemadeof theseparateffectsontheaerodynamic
forcesandmomentsof changesinMachnuniber,aspectratio,planform,
frequency,andthickness.Resultsofthisinvestigationarethencom-
paredwiththeresultsofexperimentswitha groupoflow-aspect-ratio
wing-bodycombinations.ThetestswereconductedintheAmes6- by 6-foot .,
supersonicwindtunnelandwere”similarintechniqueto thosereportedin
reference10.
..l 5,
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NOTATION
aspectratio,b2/S
liftcoefficient,lift/q&
pitching-momentcoefficient,pitchingmoment/q#5
P-POpressurecoefficient,—
%
momentof inertia,slug-ft=
free-streamMachnumber,voj~
Reynoldsnuniber,basedonwingmeanaerodynamicchord
wingarea,includingportionenclosedbybody,sqft
flightspeed,ft/sec
speedof soundinfreestream,ft/sec
wing
wing
wing
base
%=
Epan,ft
rootchord,ft
~ f’” (localchord)’dymeanaerodynamicchord,-
ofnaturalogarithms
reducedfrequencyparameter,mE/2Vo
localloadingat plan-formsurface,
pressurelowersurface- pressureuppersurface
%
angularvelocityduetopitching,radians/see
free-streamdynsmicpressure,~ POV02,lb/sqft
time,sec
timerequiredfollowingan instantaneouschangeinangleofattack
orangulsrvelocityforthetransientliftormomentto attain
steadystate,sec
kX,y,z
Xa.c.
xc)
4
a
$
7
5
e
v
Po
(1.)
Oa
ative
rectangularcoordinates
distancefrom
distancefrom.
xa.c. - Xo
leadingedgeofM.A.C.to
leadingedgeofM.A.C.to
NACARMA52L04a
aerodynamiccenter,ft
axisofrotation,ft
angleofattackofwingcenterlinewithrespectofree-stream
direction(sketcha)
Jb’-l I
ratioof specific
volume
airfoil-thickness
heatat constantpressuretothatat constant
ratio,maximumthickness/chord
angleofwingcenterlinewithrespectohorizontalaxis
(sketcha)
acuteanglebetweenwingplaneof symmetryandtrailingedge
(sketchp)
free-streamdensity,slugs/cuft
angularfrequencyofoscillation,radians/see
distancetraveled,measuredinhalfM.A.C.lengths,inthetime
iIltelW~t~>2Vot*/E
When a,&,andq areusedas subscripts,a nondimensionalderiv-
isindicated,andthisderivativeisevaluatedas theindependent
.
variable(a,&,orq)approacheszero.Forexample,
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THEORY
Applicationf IndicialFunctionstotheAerodynamic
Theoryof UnsteadyFlows
Oneof themostusefultoolsinthestudyofunsteadyflawsisthe
conceptof indicialaerodynamicfunctionswhichmaybe definedbriefly
as theaerodynamicresponseof theairfoilas a functionoftimetoan
instantaneouschsmgeinoneof theconditionsdeterminingtheaerody-
namicpropertiesoftheairfoilIna steadyflow.Theoreticalerody-
namicindicialfunctionswerefirstderivedbyWagner(ref.2) forthe
two-dimensionalwingin incompressibleflow.Morerecently,these
resultshavebeenextendedby HeasletandLomaxto coverthecompressible
caseforbothsubsonicandsupersonicspeeds(ref.h). Inaddition,
theoreticalindicialfunctionshavenowbeenobtainedforbothwideand
slendertriangularwingsandrectangularwings,allforsupersonicspeeds
(refs.4t06).
Theindicialfunctionderivesitsusefulnessprimarilythroughthe
easewithwhichitlendsitselftothepowerfulandwell-established
methodsoftheoperationalcalculus(refs.7to 9). Withtheuseofthese
methods,theaerodynamicforcesandmomentscausedby arbitrarymotions
oftheairframecanbe studiedfroma fundamentalstandpoint.Becauseof
thewiderangeof applicabilityofthismeansofapproachinunsteadyflow
analyses,a considerableportionofthesucceedingdiscuss~onisdevoted
tothefundamentalsinvolved.
Definitionof coordinatesystem.-Inthesucceedinganalysisthe
stabilitysystemofaxesisused. Theoriginofthecoordinatesystem
ASplacedintheairfoilsothatthe y sxiswhichisperpendicularto
theverticalplaneof symmetryiscoincidentwiththeaxisofrotationof
theairfoil;thepositivebranchof the x axisispointedinthedirec-
tionof flight;andthe z axisliesintheverticalplaneof symmetry,
positivedownward.Theangleofattacka ismeasuredas theangle
betweenthechordplaneof theairfoilandthe xy plane,andis shown
aspositiveinsketch(a). Theangleofpitch L9 istheanglebetween
thechordplaneof theairfoil
andtheho~izontalplane(an
arbitraryreference)andisalso
shownpositivein sketch(a).
Forcesaremeasuredaspositive
-
.z.~
upward,whereaspitchingmoments
arepositivewhentendingto ~-
increasetheangleofpitchin
thepositivedirection.When
theairspeedV. is constant
whichcorrespondsto the Sketch(a)
w ===—”~
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conditionunderstudy,thetranslatorandangularmotionsoftheair-
foilwithrespectoanysystemof coordinatesaredefinedifthetime
l
historiesoftheangleofattacka andtheangleofpitch e and
theirderivativesareknown.Forpurposesofclarity,twodifferent ?
harmonicmotionsoftheaircraftareshown,illustratingthedifference
betweena flightpathwhichinvolvesa constantangleofattackanda
varyingangleofpitch(sketch(b))andonewhichinvolvesa constant
—
angleofpitchanda varyingangleofattack(sketch(c)).
ong/@of pitch S6
angleof attock=o
Sketch(b)
#’Yf’igh’p”
ungle ofpifoh *O
angle of ottock = a
Sketch(c)
Nowconsiderthecaseofa wingexecutingharmonicrotaryoscilla-
tionsaboutthe y axiswhiletheoriginofthecoordinatesystem
traversesa levelpathat constfitvelocityVo. T@iscasecorresponds
tothatofa wind-t~elmodelmountedtopermitsingle-degree-of-
freedomrotaryoscillations,ortotheshort-periodmodeofan aircraft
inflightwhentheplungingvelocityof thecenterofgravityis zero.
Here a andL3areequal,sothatthemaneuverisdefinedby onevari-
able,thetimehistoryofeithera ore. Letthesngleofattack
be a andtheangularvelocitybeq (qSde/dt= da/dt).At any
instant,the”normalvelocityatanypointontheairfoilsurfaceiscom-
posedof,twoparts,oneduetotheinstantaneousangleofattackCLVo,
theotherdueto theangularvelocityat thesameinstant-qx(see
sketch(d)).Thesearetwooftheinstantaneousboundaryconditionsof
theunsteadyflow.
normol ve/oc/ty
duetoo@. ofottack a
// Ongulor
g ,x
bfe/ocity -qx due to
Vulocftyq
Sketch(d)
2x
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l Solutionsfortheaerodynamicforcesandmomentswhichcorrespond
totheseboundaryconditionsmaybe derivedby a numberofmethods
4 involvingvsriousdegreesofapproximation.Insucceedingsections,theuseof theconceptof indicialfunctionsandtheprincipleof super-
positionforthispurposewillbe illustratedandcomparedwithother
currentwidelyusedmethods.
Conceptof indicialfunctions.-Inorderto illustratethisconcept,
assumethattheairfoilunderconsiderationhasbeenflyinga levelpath
at zeroangleofattack.,At sometime,whichisdesignatedtimezero,
thewingiscausedtoattainsimultaneouslya constantangleofattacka
andangularvelocityq. Thenormalvelocityof theflownextto the
surfaceoftheairfoilthereforechangesdiscontinuouslyfromzerotoa
patternthatisconstantwithtimeandidenticalinshapetothepattern
shownpreviouslyin sketch(d). Theliftandpitchingmomentthat
resultareofa tranaientcharacterandattaintheirsteady-statevalues
correspond@tothesenewboundaryconditionsonlyaftera significant
intervaloftimehaspassed.Itshouldbe notedthereexistsan essen-
tialdifferenceb tweenthelengthofthistimeintervalat subsonicand
supersonicspeeds.At supersonicspeeds,thevorticityshedintothe
airfoilwakecsmnotinfluencetheflowabouttheairfoilbutat subsonic
speedsthisinfluenceexistsforalltime.Theresultisthatthelift
andmomentreachsteady-statevaluesina finitetimeat supersonic
speedsbutapproachthesevaluesasymptoticallyat subsonicspeeds.In
.
eithercase,however,thetimeresponsesinliftandmomenttothestep
changesin a andq aretermedindicialfunctions.Sketch(e)illus-
trates
. change
typical.subsonicandsupersonicindicial.iftresponsesto a step
intheangleofattack.
a
o t
t#)
.
Sketch(e)
--5..
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Itisobviousthatthetimehistoryof thewingmotionduringa .
short-periodscillationmaybe brokendownintoan infinitenumberof
infinitesimallysmallstepchangesintheangleofattackandstep
changesintheangularvelocity.Thesummationoftheindicialiftand
~
momentforthesestepsthenyieldsthetotalliftandmomentat anypre-
scribedtime. Insketch(f),themechanicsof theprocedureare“illus-
tratedforanarbitraryangle-of-attackvariation.Here,thegiven
,–?+, J
Sketch(f)
t
angle-of-attackvariationis
replacedby a numberof small
stepchanges.Withineachstep
thecorrespondingresponsein
liftisshownplottedforcon-
venience.Itisthenapparent
thatthetotalliftat time t
isequaltothesumof the
incrementsofliftineachstep
at time t. As indicatedby
theleaders,however,itis
clearthattheincrementsof
liftforthevarioustepsat
time t areequivalentto
incrementsinthefirststep
attime t - tl. Alterna-
tively,then,thetotallift
at time t canbewrittenasl
cL(t) = ~&(t)@)+ L- C%(t-ti) ~ (tlbtl (1)
o
Aftera transformationofvariables,t - tl = T, andlettingtheincre-.-—
mentoftimeapproachzerojequation(1)can_berewritten.ina formof
Duhameltsintegral(See,e.g.,ref.9)
cL(t) =& J:c&(d+~)dT (2)
l-Here,andintheremaindeiofthisreport,“theuseofparenthesesi
reservedsolelyfortheindicationffunctionaldependence.Thus,
forexample,inequation(1)theterm Ck(t-tl)isinterpretedas .
thevalueof C& at time t - tljwhereasm tl)isthe=( value
of’&z/At at time tl. Allotherenclosuresindicatealgebraic
expressionsintheusualsense.
—
.
.—
—
—
NACARMA52m4a
. A similarprocedureis carriedoutforthe
variation,whereuponthetotalliftcoefficient
time t becomesi
9
angularvelocity
a theprescribed
(3)
It shouldbe pointedoutthatinthisformequation(3)isapplicable
to theanalysisofarbitrarymotions,theonlyrestrictionbeingthat
theflightspeedisconstant.Inthefollowingsections,however,the
applicationf equation(3)isrestrictedtoharmonicmotionshavinga
singledegreeof freedom.Thereasonsforthisrestrictionaxetwo-
fold:first,themotionsofa staticallystableaircraftinresponseto
a disturbancearemostgenerallyofa harmonicnature;andsecond,such
a restrictionpermits~ assessmentof theinfluenceofthetimerate
of theairfoilmotionson theaerodynamicforces ndmoments.
Applicationf indicialfunctionstoharmonicpitchingoscillations~
Considerfirsta puresinusoidalpitchingoscillation,theangleof
attackbeingzerothroughoutthemotion.Theflightpathforsucha
motionhasbeenillustratedin sketch(b). Inthiscase,theangleof
pitchisgivenby
e(t) s eo~ ib.)t
.
where e. isthematimumsmplitudeof oscillationa d W ist:e
-lar frequency.Theangularvelocityis,of course,q(t)= e =
. imeoei~t= iwe(t).Insertingthevaluefor q(t)inequation(3)and
performingtheindicatedoperations,thereresults
~ec (t)&(t) ~tC=(T)e-i%iT+ *VO ()~cL(t) = - ~v
o
Notein sketch(g)that C%(T) isequalto CLq(t)-F2(T),andthatfor
subsonicspeedsF2(T)approacheszeroas ~ approachest.
Sketch(g)
ReplacingC~(T) inequation(4) by thisequtiitY,
CL(t) itdE
C%(t) +:
6(t) ‘~ JtF2(~)e-iwTd~00 (5)
Forsubsonicspeeds,let t approachinfinity.Withthissub-
stitution,equation.(5)therebyrepresentstheliftcoefficientdueto
theharmonicpitchingmotionafterthetransientloadingsubsequentto
thestsrtofthemotionhasreachedsteadystate.Thenseparating
equation(5)intocomponentsin-phase(realpart)andout-of-phase
(imaginarypart)with e,thereis obtained
CL
tiae/2vo = CLq(-)- W~ornF=(7)sinwd7J
Introducethenondimensionalparameters,
2V0
9=~T numberofhalfM.A.C.lengthstraveledintime ~
k CLla=—2V0 reducedfrequency
(6)
.
v
.
.
—
..
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Intermsoftheseparameters,equation(6) becomes,for ~<1,
(7)
At supersonicspeeds,equations(7)maybe simplifiedsomewhat
sincethebuild-upinliftis completedina finitenumberofhalf
M.A.C.lengthsof travelUa. Inequations(7),therefore,theupper
limitsof theintegralsmaybe replacedbyuajsincebeyondthatpoint
F2(q)iszero.
CL aa
—=k2Joe F2(@ COSkqd~
J
(8)
Thus,itappearsfromequations(7)and(8)thattherearebothin-phase
andout-of-phaseliftforcesassociatedwiththeharmonicpitchingoscil-
lation.Notice,however,inequations(8)thatifthetrigonometric
termsareexpandedandthereducedfrequencyisrequiredtobe small
comparedtounity(correspondingtothefrequenciesncounteredin
_ic stabilitywork)termscontainingsecondandhigherpowersof k
willbe verysmallcomparedto first-orderterms.Thus,forslowfre-
quencies,theonlyforceof consequenceduringthepitchingoscillation
isthefirstorderin frequencyout-of-phaseliftforce,qC/2VoC~(ISa).2
2Thisquantity-is,of course,thesameliftforceinphasewiththe
pitchingvelocitywhichwouldoccuralonehadthewingbeenexecuting
a steadyturn(qconstant).Oneofthechiefadvantagesoftheindi-
cialresponsemethod,at leastforsupersonicspeeds,istheeasewith
whichtherelativeimportanceofthevarioustermscontributingto the
totalliftandmomentcanbe assessedandthesourcesoftheimportant
contributionsidentified.
12 .-
.
s--%:. NACARMA52L0k
Sketch(h]
Thephaserelationshipsforthehar- .
monicpitchingoscillationareindi-
catedinsketch(h). Itisevident
fromsketch(h)thatthetotallift b
leadstheangleofpitchbynearly90°.
Applicationf indicialfunctions
toharmonicplungingoscillations.-
Next,considera pure~ysinusoidal
variationoftheangleofattack,the
angleofpitchbeingzerothroughout
themotion.Theflightpathforthis
motionhasbeenillustratedin
sketch(c). iwtHere,a equals~e ,
where,asg?eviously,~ andu are
themaximumamplitudeandangularfre-
quency,respectively.Applyingequa-
tion(3)again,
dt~Cb(7)eiti[t-T]d7CL(t)=U#_
= iwa(t) ~tC~(7)e-iw7d7+aoC%(t) (9)
o
Now,as”inthepreviousexample,let CLJT) =c~(t) - FI(T)SOthat
equation(9)becomes
cL(t) = a(t)c~(t) - iwa(t)~tF1(7)e-iwd7
o
(lo)
Again,introducethenondimensionalparametersQ andk, separate
equation(10)intoitsrealandimaginaryparts,andlet Q approach
infinityforsubsonicspeedsand aa forsupersonicspeeds.There
results
J
(11)
.
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Noticeinequations(lJ.)forsupersonicspeedsthatwhenthetrigono-
metrictermsareexpandedfortheslowfrequencycase,aswasdonein
thepreviousexample,thereappearsn in-phasetermof zeroorder
in k,&&(ua), andan out-of-phaset rmof firstorderink>
- ~ j“aFl(q)dv.Thesejthen,aretheprincipalcontributionstothe2V0 o
liftforcesfortheslow-frequencyangle-of-attackvariation.Thephase
relationshipsforthismotionareshowngraphicallyin sketch(i). For
thiscase,it isevidenthatthetotal-liftforcecanlagbehindthe
angleofattackbecauseof
thenegativeout-of-phase
contribution,
t
a
flu
-Q J”aFJq) Coskqdq
no o f
-ak ~@sink?d#
Applicationf indicial
functionstoharmonicrotary ‘*–’Z’
oscillations.-Finally,con-.
siderthecaseofharmonic Cu
lb
I
/
~(total)
rotaryoscillations.Here, -k~ e@)cosk#d#
as previouslymentioned,the 2Z o \
normalvelocityoverthe
wingsurfacei=composedof I
contributionsfromboththe
angularvelocityandthe sketch (i)
instantaneousangleof
attack,sothatthecomplete
e~ressioninequation(3) mustbe employedtoobtainthetotallift.
However,forsingle-degree-of-freedomrotaryoscillations,a equals13
and ~ equalsq, sothatinthiscasetheseparatexpressionsgiven
fortheharmonicallypitchingwing(eqs.(7)and(8))andtheharmoni-
callyplungingwing(eq.(11))canbe combinedtogivethetotallift
fora wingexecutingIwwmonicrotaryoscillations.Then,addingthe
resultsof equations(7),(8),and(n), thein-phaseandout-of-phase
componentsofthetotallift“
CL
— = c~(x) - k~LFl(q))sin
a o
CL
—=cL&) - k&=(@qE/2vo
Thephaserelationshipsfortherotaryoscillationmay,of course,also
be obtainedbydirect~addingtheresultsgivenin sketches(h)and(i).
Theresultofthisadditionis showninsketch(j).
.
v
Sketch(j)
.
Itwillbe notedinsketch(j)thatthetotal-liftforcecaneitherlag
behindorleadtheangleofattack,dependingon therelativemagnitudes
ofthethreetermscomprisingtheout-of-phaselift. Thetotalliftis - —-
shownlaggingbehindtheangleofattackin s-ketch(j),whichsituation,
foraxispositionsaheadofthepointof concentrationofthetotallift,
givesrisetothepossibilityofthedevelopmentofnegativelydamped --
rotaryoscillations. .
Again,thecompletefrequency-dependentequationsforthetotal
liftofa winginsupersonicflowduetotherotaryoscillation
—
—
(eqs.(12),h= aa)maybe reduced’tofirstorderin k fortheslow- .
frequencycaseinthesamemanneraswasdescribedinthetwoprevious
exsmplestogive
1 (13)
3x
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. Forallthreeexamples,thesameproceduremay,of course,be used
toobtainthepitching-nmrcentoefficient.Onlythepitching-moment
equationsfortherotaryoscillationarepresentedbelow,sincethe
4 correspondencebetweentheliftandmomentequationsisobvious.For
therotaryoscillationcase,then,
where,aspreviously,
Fa(q)= ~(~) - ~(~~
and
F4(@ = %&) - C%(q)
Again,reducingequations(14)forsupersonicspeeds(~=a)tOfirstorder
infrequency,thereresults
(15)
Thecompletefrequency-dependentequationsfortheliftandpitching-
momentcoefficientsfortherotary-oscillationcase(eqs.(12)and(14))
describecompletelytheaero@mmicforcesandmomentsresultingfrom
thesingle-degree-of-freedompitchingmode. Forthepurposesofthe
presentdiscussion,however,it is sufficienttolimitconsiderationto
thesimplerfirstorderinfrequencyresultsofequations(13)and(15).
Thesignificanceof theeffectof thehigher-ordertermson theout-of-
phasepitching-momentwillbe exsminedina latersectionofthisreport.
Withregsrdto thefirst-orderresultsforthesupersonicliftand
pitching-momentcoefficients,itis instructivetonotethatthe
.
16 mrmE!DEITIwu*
quantities~aaFl(Q)dqand ~=a F.@)d9
o
arerepresentedgeometricallyby theareas
sketch(k).
inequations
oftheshaded
NACARMA52LQ4a
(13) and(15)
portionsof
t
ecL=@)
~=(jd I**
‘l-@---d l? “1-+-l I@
Themannerinwhfchtheseareasareaffectedby variationsinMach
number,aspectratio,plan-formshape,andthicknesswillbe usedasa
guideinlatersectionsofthisreporttodeterminethesignificanceof
theseparameters.
Intheforegoingdiscussion,omentionhasbeenmadeofreducing
thecompletequationsfortheliftandmomentcoefficientsat subsonic
speed(eqs.(12)and(14),k=m)to firstorderinfrequencyaswasdone
fortheequationsnotedas applyingat supersonicspeed.Itisevident
thatifthesameprocedurehadbee~appli,edforsubsonicspeeds,the
areacorrespondingtotheterm
.fFl(9)dqcaneitherbe fi.niteor can
becomeinfinitelyarge,depending”onthemannerinwhichtheindicial_.
liftfunctionC~(cp)approachesitssteady-stateasymptoteas q~m.
Inthelattercase,thereexiststheinterestinganamolyofan infinite
out-of-phaseliftforceas thefrequencyapproacheszero.As ctibe
seenfromtheresultsofreference4, suchwillbe thecaseforthetwo-
dimensionalwing. Thisresultasthefrequericyapproacheszeroisnot
peculiartotheindicialanalysisalone,buthasbeenpointedoutby a
numberofauthorsusingdiffer~tapproaches.As indicatedby Miles
inreference11,however,theanamolousresultcanbe consideredtobe
a consequenceofassuminga two-dimensionalflow,andthereisreason
tobelievethatthedifficultyas.thefrequencyapproacheszerowillnot
existforfinite-spanwings.
As hasbeenmentionedpreviously,theuseofthecharacteristic
areas~aaFl(rp)dpand ~aaF~(Q)dQwillbe showntobe of considerable
valuehoestimatingthe&ing-in-pitchcharacteristicsofwingsat
supersonicspeeds.Forthetwo-dimensionalwingat subsonicspeeds,the
singularityas k~O preventstheuseof sucha simplifiedapproach
emmEMT3YR@
.
—
.-
.
.
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. withoutfuxtherstudy.However,ratherthanreturnto theuseofthe
fullfrequency-dependentequations((12)and(14)),thereductionof
b theequationsfortheout-of-phaseliftandmomentto firstorderinfrequencywillbe madeinsucha manneras topreservethesignificance
of theseareas.To accomplishthisend,equation(12b)isreconsidered.
Itisevidenthatthefirstintegralinequation(K%) maybe discarded,
sinceitscontributiontotheout-of-phaseliftisat leastof second
orderinfrequency.Thesecondintegralisdividedintotwoparts:
j= F,(9)cos ICWCP= fq’ Fl(g)cosWQ + fmFI(@COS ~p (16)
o 0 Q1
where PI ischosensuchthat F=(91)iscloseto zero.Thefirst
integralinequation(16),beingbounded,thencausesno difficulty.
Expandingthetrigonometrictermandretainingonlythefirsttermin
‘1 Fl(q)dp,whichist~echaracteristictheexpansion,thereresultsJo
areaouttothepoint Q1. Nowforlargevaluesof g, Fl(g)isapprox-
imatedinreference4 by
wherethevaluesof I.L,a andb aredependentonMachnumber,andare
givenfor ~ = O, 0.5,and0.8inreference4. Insertingthisquantity
inthesecondintegralinequation(16),we have
.
Performingtheindicatedintegrationsinequation(17),therfeis obtained
a term,Vb/a+Cpl,fromthesecondintegral,anda term>
-,ci~[a+ql]}
fromthefirstintegral.Forsmallvaluesof theargumen+jthecosine
integralisapproximatedby (seeref.12),
{ }-@’a+’J}Ci k[a+~l]
k[a+ql]~ O
wnere y is~erfs constant,1.78~7.
Then,throughthefirstorderinfrequency,
CL
—= CLJW)- ~q’ Fl(q)@+G(Pl,k)qE/2vo o
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where .
r
Theout-of-phasemomentforpitchingabouttheleadingedgefollowsfrom
theabovedevelopment,withtheaddedresultofreferencek thatfor
largevaluesof 9,
Then,throughthefirstorder,
(18b)
Thus,afterfixing‘?I,choosinga (small.)valueof k,andco~uting
G(91,k),thefiniteareascorrespondingtotheterms
- ~q’Fl(Q)d~
and-JqLF~(9)d~ canbe assessedinthesamemanneraswillbe done
forth~supersoniccase.Theadvantagesof sucha procedurewillbe
evidentlater.
Correspondeficebetweenindicialiftandmomentanalysisandother
methods.-Beforeproceedingfurtherwithapplicationsoftheindicial
-e method,itisappropriateo discusstherelationshipofthis
approachto otherwidelyusedmethods.
FollowingthefundamentalpapersofBryanandRouth,whichintro-
ducedthebasicdifferentialequationsofmotionofrigidbodiesand
theirstabilitycriteria,thehistoricaldevelopmentofthetheoryof
longitudinalmotionsofanaircraftevolvedseparatelyintwofieldsof
research:dynamicstabilityandflutter.Workersinthedynamicstabil-
ityfieldsoonfoundthatthelongitudinaloscillationsofa rigidair-
craftinflightweregenerallyof smallreducedfrequency.Onthis
basis,theconstantsduetotheaerodynamicpropertiesoftheairframe
whichappearinthedifferentialequationsofmotionwereconsideredto
be independentoffrequency.As a firstapproachtotheproblemof
obtainingthenecessaryaerodynamiccoefficientsanalytically,the
instantaneousnormalvelocitydistributionat thesurfaceoftheairfoil
wasassumedtobe constantwithtime.Theaerodynamicforcesandmoments
arisingfromthefixedboundaryconditionswerethencalculatedusing
steady-flowtheory.Later,thisassumptionwasrealizedtobe an over-
simplificationf rthecaseofwing-tailcombinationsandan additional
termcorrecto thefirstorderinfrequency-wasaddedwhichaccounted
forthelaginthetailpitchingmomentcausedby thetimerequiredfor
thevorticitydischargefromthewingtoreachthetail(seeref.13).
.—
.
.
—
—
.—
A
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. Sinceat lowspeedsthepitchingmomentofthetailfaroutweighsall
othercontributions,theresultsfromsteady-flowtheorytogetherwith
v thetermaccountingforthevorticitylagsatisfactorilypredictedthedynamiclongitudinalmotionsofwing-tailcombinations,anditwascon-
cludedthatthemajoraerodynamiceffectshad.beenaccountedfor. In
recentyears,howev~,numerousauthors(inparticular,Miles;see,e.g.,
ref.11)havepointedoutthattheabove-mentionedtheoryoverlooks
importantcontributionsto theaerodynamicforcesandmomentswhich,
thoughstillwithinthefirstorderinfrequencyapproximation,arise
fromtime-dependentboundaryconditionsandmustbe calculatedfrom
unsteady-flowtheory.Ithasbeenshownby theseauthorsthatwith
properinclusionintheequationsofmotionofthesecoefficients,the
deteriorationfdampingintheshort-periodmodeactuallyoccuxringfor
aircraftflyingat speedsnearthespeedof soundcanbe successfully
predicted.Theconsequencesoftheassumptionsinvolvedin theclassical
dynamicstabilitytheorywillbe moreevidentfroma briefreviewof the
eqgationofmotionandboundaryconditionsforthesingle-degree-of-
freedomrotaryoscillationsofa rigidwingflyingat constantsupersonic
speed.At theveryoutset,theassumptionisgenerallymadethatthe
aerodynamicreactionstothemotionoftheairfrsmedependonlyon the
angularpositionandangularvelocityandnotuponangularaccelerations
orhighertimederivatives.Theequationofmotionforthechangein
pitchingmomentfollowinga displacementfroman equilibriumpositionis
thenwrittenintheformofa powerseries:
m
{
a2~
}
[&E/2v012+
{
a?
‘}
[&E/2vo]2+
. . . (19)
a2[&5/2vo1 2! a2[qE/2vJ 2:
It shouldbe rememberedthatfortherotsry-oscillationcase,theair-
foilis subjectedto changesinbothangleofattacka andangular
velocityq,andthatthesemotionsproducenormalvelocitypatternsat
theairfoilsurfacewhicharedifferentincharacter.Thus, although
forthesingle-degree-of-freedomcase,& andq areequal,nevertheless
theirseparateffectsmustbe consideredandit istherefore
ah b%
necessaryto includeboth
2 [&/2vo1 ‘d a [&5/2voJinequation(19).
Next,ifit isassumedthatthemomentsarelinearlydependenton their
respectivevariables,thehigher-ordertermsinequation(19) maybe dis-
csrdedandtheremainingpartialderivativesconsideredas constantsfor
thegivenwing. Thereremains,therefore,
.
a linearsecond-ordersystem
withconstantcoefficients.Inorderto calculatethecoefficients
.
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(termedstabilityderivatives)theoreticallyitbecamenecessary,for
lackofmorerefinedtheoreticalmethods,toassumethattheinstanta-
neousnormalvelocityoftheflowat thesurfaceoftheyingwasfixed
.
withrespecto time.Thus,thepartialderivative dCm could
arqE/2vo1
be calculatedasthepitchingmomentduetoa constantpitchingrate,
thatis,C%(cra),whilethederivativea~au becomesthepitching
momentduetoa constantangleofattack,thatis,~(aa). As a con-
sequenceoffixingthenormalvelocitypatternintime,however,itwas
3Cmnecessarytoassumethatthederivative
a[ti/2vo] ‘as‘ero”~ere .—
wasthereforenopossibilityforthistheorytopredictheoccurrence
ofdynemicinstabilityfora wingalone,sincetheonlydampingterm
—
remainingis C%(~a)jwhichisalwaysstabilizing.Whentherestriction
of constantnormalvelocitywithtimeislifted,however,theassumption
isthenmadethatthestabilityderivativesinequation(19) may be calcu-
latedseparatelyb fixingeachoftheindependentvariablesa,&,
andq inturnwithrespectotime.ThederivativesC%(ua)
and~(aa) thusremainunchanged,butthederivative ‘ aCm (or~)
a[m/2VoJ
cannowbe includedandcalculatedasthepitchingmomentduetoa con-
stantverticalacceleration,&Vo. Itshouldbe emphasizedthatwhile
c~(~a)andc~(aa)~Y be calculatedfromsteady-flowtheoryby virtue
oftheassumedinvariancewithtimeofthenormalvelocitypattern,~
mustbe calculatedfromunsteady-flowtheorysinceforconstant&
theangleofattackvarieslinearlywithtime,as doesthenormalveloc-
ityoftheflowatthesurface.
. .
Itisclearthatsincethestabilityderivativesinequation(19)are
assumedtobe independentofthefrequency,theresultfortheaerody-
namicpitching-momentcoefficientistherebylimitedtoonethatZs
correctonlyto thefirstorderinfrequency.Forthesingle-degree-of-
freedomcase,then,thein-phaseandout-of-phasecomponentsofthe
totalaerodynamicpitching-momentcoefficientcorrecto thefirstorder
infrequency,become
(20)
By comparisonwiththefirstorderinfrequencyresultfromtheindicial
responseanalysis(eq.(15)),itisevidenthatthetworesultsare
..
identicalifthequantity.~ua F~((p)@Jcanbe showntobe egui~alent
tO ~(~a). To showthiseq~ivalence,considera wing,initiallyin
levelsteadyflight,whichis suddenlyforced ownwithconstantvertical
acceleration&Vo. As seenin sketch(1),theangle-of-attackvariation
inthiscaseis a.= &t,where & Isa constant.Thenapplyingthe
counterpartof equation(3)forthe
pitchingmoment
%(t) =&t C%(7)a(t-7)d~ hf
Insertinga(t-7)= &[t-T],andper-
formingtheindicateddifferentiation,
Nowreplace%(T) by C%(t)-F~(T)o
andlet t be greaterthan ta.
Then
cm(t) =
andnondimensionalizing,
we have
a(t)c~(ta)-
by replacing
L I I -
l(o) l(t) 1
Sketch(1)
ta
&$ F~(T)dT
o
t andta by @/2Voand5aa/2Voj
F3(P)dQ; q>oa (21)
totheconstantverticalacceler-Thus,thepitchingmomentproportional
ationparameterti/2Vo,whichis synonymouswiththedefinitionofthe
stabilityderivativeCm, isfoundtobe equivalentto thepitching-
momentcontributiondueto & forthefirstorderinfrequency-rotary-
osc~ationcase.STherefore,theresultsoftheindicialresponse
method,whenreducedtothefirstorderinfrequencyforsupersonic
speeds,areidenticaltotheresultsfromthefamiliarfirst-ordertheory
usedindymamicstabilitywork.4
‘Bythesameprocedure,thestabilityderivative~(aa) canbe shown
tobe equivalentto theterm
- ~~ Fl(@d~.
4Noticeinequation($?l)thatif aa isreplacedbyinfinity,theresults
applyto subsonicspeeds.Forthetwo-dimensionalwing,theanalogy
betweenC~ and -~-Fa(~)dq thengivesonlythepreviouslymentioned
singularityat infin”ityas ka O. Iftheareacorrespondingto
.f~ FS(P)d~ werefinite,however,theanalogywouldbe equallyuseful
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Workersinthefieldofflutter,whowereconcernedwithfrequencies
manytimesthoseencounteredindynamicstabilityanalyses,required
.
theoreticalinformationshowingthebehavioroftheforcesandmoments
asaffectedby thefrequencyofoscillation,andthereforediscardedthe #
first-ordertheoryformoreprecisemethodsofanalysis.Oneofthe
mostusefulofthesehasbeenthe“oscillatingpotential”theory,which
isbasedonperiodicsolutionsofthetime-dependentlinearizedequation
of compressiblepotentialflow.Thein-phaseandout-of-phaseliftand
momentsaretherebydetermined,generallyas functionsofpowersofthe
reducedfrequency,aspectratio,Machnumber,andpositionof theaxis
ofrotation.Theapplicationfthismethod,whichdevelopedprimarily
asa resultofTheodorsen’sworkforIncompressibleflow(ref.14)has
recentlyproduceda numberof usefulpaperscoveringa widevarietyof
wingsat supersonicspeeds(see,e.g.,refs.15 to19). Ithasbeen
shownby a numberofauthors,inparticular,Garrick,inreference7,
thatthroughtheuseof superpositionmethodstheresultsfortheaero-
dynsd.coefficientsobtainedfromtheoscillatingpotentialtheoryare
whollycompatiblewiththoseoftheindicialresponsemethodforhar-
monicmotions(eqs.(12)and(14)).
Thustheindicialresponsemethodembraceeboththefirst-order
theoryofdynamicstabilityandtheoscillatfigpotentialtheory,and,
ineffect,bridgesthegapbetweenthefielti-~f@mmic stabilityand
flutter.Furthermore,theindicialresponsemethodovercomesthedis-
advantagesofthetwomethodsdescribedabovesince,unlikethefirst-
ordertheory,theeffectsoffrequencyontheaerodynamiccoefficients
canbe determined,and,unliketheoscillatingpotentialtheory,the
methodcanbe appliedeasilytothestudyofarbitrarymotions.Finally,
theindicialresponsemethodrepresentsa fundamentalpproachtothe
problemofunsteadyflow,andaffordsvaluableinsightintothephysical
natureoftheaerodynamicphenomenatakingplace.
—
Physicalconceptsrelatingtotheindi.cialloadirig.-Ithasbeen
shownthatforevensmallfrequencies,thepitchingmomentofanairfoil
inharmonicrotarymotioncanlagbehindtheangleofattackoftheair-
foil. Themagnitudeofthelagdependsonthecharacteroftheindicial
responsetoa stepchangeinangleofattack.Itisthereforeof
interestatthistimetore-examinethephysicalnatureoftheflow
thatcontributesthislag.
—
Considerfirsttheliftandmomentattheinstantheangleof
attackchanges,assumingthatprevioustotimezerothewinghasbeen
flyinga levelpathat zeroangleofattack.At t = O,thewingbegins
to sink,withoutpitching,tiithconstantdownwardvelocityaVo while
maintainingitsforwardvelocity.TheangleOZattackthereforechanges
discontinuouslyfromzerotoa constanta. At thesageinstant,the
stepchangeinangleofattackcausestheemissionofa compressionwave
fromeachpointonthelowersurfaceofthewingandexpansionwaves
*x
. frompointsontheuppersurface.Intheinfinitesimaltimeduringwhich
thestartingactionoccurs,eachsectionofthewingexperiencesthe
sameimpulsiveforce,andby equatingtheimpulseto themomentumtrans-
* mittedto themassof fluidaffectedby thestsrtingwaves,thestarting
liftcoefficientcaneasilybe derivedas ku/~ (seeref.3). During
theinfinitesimalstartingtime,thepressuredisturbancesfromtheedges
of theairfoil,propagatedat thespeedof sound,travelan insignificant
distanceanddonotinfluencetheremainderoftheairfoil..Thelift
coefficientisthereforeindependentof thewingplanform.Thisremark-
ablysimpleresultforthestartingliftcoefficient,whichisvalidfor
bothsubsonicandsupersonicspeeds,isthusdependentsolelyon the
flightMachnumber.Thestartingpitchingmomentfollowsdirectlyfrom
theaboveresult,sinceby virtueof theuniformityof loadingtheaero-
-C center is locatedatthewingcentroidofarea.
Forvaluesoftimegreaterthanzero,however,thesituationdiffers
radicallyforthesupersonicandsubsonicspeedranges.Considerfirst
thesupersoniccase.As timepasses,thesphericalsoundwavesemitted
at t = O growin sizewithradiustit. Thewing,however,ismoving
forwardata fasteratethantherateofgrowthofthestartingsound
wavesandthusbeginsto emergefromtheinfluenceofthesewaves.This
is shownschematicallyinsketch(m).
f
[eadingedge at t=t,
envelowof
sfortingwves
fromIeuding
edge of t=tl
sturting swnd wves
&om leadingedge
Uf r=t’
Ieaaihg ldge at t=fi
Ieadihgetie of t=O
----- —--
fI.__.--_____-_-l
Sketch(m)
At t = O,thestartingwavesjustcoverthewingandtheloadingis
uniformas describedpreviously.At t = tl,thestartingwaveshave
growninradiusandthewinghasbegunto emergefromtheirinfluence.
On thatportionofthewingwhichhasemerged,region(1)in sketch(m),
theloadinghasalreadyreacheditssteady-statevalue.Noticethatin
thisregionthecharacteristictipMachconehasaJreadyformed.Onthe
portionofthewinguninfluencedby thestartingwavesfromtheedges,
.
region(3)in sketch(m),theloadingisstilluniformasat t = O.
h regions(2)and(4),theloadingis influencedbythestartingwaves
.
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fromtheleadingandsideedges,andintheseregionsisthusdifferent .
fromtheloadingineitheregions(1)or (3). As the increasesstill —.
further,theuniformstartingloadquicklydisappearsa thesoundwaves —
fromtheleadingedgegrowin sizeandas thewingmovesforward. $
Finally,attime ta,theenvelopeofthes-titingwavesfromthelead”-
.-
ingedgeiscoincidentwiththetrailingedgeof thewing,andthe
steady-stateloadingcorrespondingtothenewangleofattacka has
—.
beencompletelyestablishedover
Theaboverelationshipscan
timeintervalzeroto ta fora
functionoftimethepositionof
andpositionoftheenvelopesof
leadingandtrailingedgesat t
thewing.
.J
be shownmoreclearlyfortheentire
two-dimensionalwingby plottingasa -.
thewingleadingandtrailingedges
thesoundwaveswhichemanatefromthe
= o. Such_aplotis showninsketch(n).
--
t-”-l
Me>/
Sketch(n)
Itisclearthatat t = tl theregionsofthewing(1),(2),
and(3)correspondtothesameregionsat -t= tl forthewingshown
insketch(m). For t = O andinregion(3)theloadingisuniformand
isgivenby 4a/Mol For t>ta andinregion(1)thewinghasout-
strippedthestartingwavesfromtheleadingedgeandhasattainedits
steady-stateloading.For t<ta thechordwiseloadingiscomposedof
combinationsof theloadingineachofthethreeregionsas shownin
sketch(0).5
5Thereaderwillnotethesimilaritybetweensketch(n)andsketches
depictingtheboundaryconditionsforthree-dimensionalwingsin
steadysupersonicflow.hlanyresearchershavepointedouttheanalogy
andithasbeenusedto calculatethepressureovera wingimpulsively
startingfromrest(refs.3 and4).
.
—
.
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.
Sincetheloadingonthe
wingattainsitsfinal
steady-statedistribution
.s at preciselythetimewhen
thewinghasemergedentirely
fromtheinfluenceofthe
startingsoundwavesfrom
theleadingedge(orapex),
thetimetoreachsteady
statemaybe easilycalculated
foranytypeofwingby means
of thegeometricrelationships
showninsketch(p).
Sketch(o)
/eadinge@e
Of t=fa
trace of t~fu
of starting soundwove
from cpex
1’
Ieudkg edge
Oft=o
Sketch(p)
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Itmaybe easilyverifiedthat ta,thetime
attainitssteady-stateloading,isgivenby
NACARMA52L04a
requiredforthewingto w
thefollowingrelationship:
ta =
CA v~;
vo[M&csc v] (22) “’
Noticethatforwingshavingstraightor swept-forwardtrailingedges
andstraightor swept-backleadingedges,equation(22)reducesto
C*ta=—
Vo [M&l] (23)
IntermsofthenumberofhalfM.A.C.lengthsoftravel,itthusappears
thatforwingshavingstraightor swept-forwardtrailingedgesand
straightor swept-backleadingedges,
2V0 2C0 M.Ga =‘ta=__E 5 [~-l]
whereasforwingshavingswept-backtrailingedgesandstraightor
swept-backleadingedges,
(24)
.
Oa=~~
Thesecondof
(r } 1(25)2C0Mo+l-j- #M&-11 , MoScscv +~cosv%2-1
eqxations(27)appliestothatrangeofMachnumbersfor
whichthetraceofthestartingsoundwavefromtheapexisnottangent
to thetrailingedgeat t = ta.
Nowconsiderthesubsonicase.Herethesituationismorecompli-
catedinthatsince‘thestartingsoundwavestravelfasterthanthe
wing,thewingneverescapestheirinfluence.Furthermore,thevortic-
ityshedby thewingat t = O canalsoinfluencetheloadingonthe
wingsincethedisturbancescreatedby theshedvorticitytravelforward
ata fasteratethanthewing. Forthesereasons,theindicialoading
at subsonicspeedsapproachesitssteady-statedistributionasymptoti-
callywithtime. Thesituationforsubsonicspeedswillbe moreclearly
.
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evidentfromexaminationf sketch(q),whichshowstherelationshipof
thetracesversustimeoftheleadingandtrailingedgesofa two-
dimensionalwingflyingata subsonicMachnumbertothetracesofthe
envelopesofthestartingsoundwaves.
t-’--l
trailing edge
Sketch(q)
Noticein sketch(q)thatthestarting
soundwavesintersecttheedgesofthewing ~%~
andthateachintersectioncausesa new
soundwavetobe emitted,whichinturnwill
intersectan edge.Furthermore,noticethat
thevorticityshedfromthetrailingedge
attimezerocaninfluencethatportionof
thewingbehindthesoundwavetra’ce
labeleda-b. Theinfluenceof eachsucces-
sivesoundwavereflection,however,is
weakerthanthelast,andasthewingmoves
awayfromthestartingvorticestheir
influencediminishes,othatat t = m the
loadingonthewingattainsitssteady-state
distribution.Thevariationofthechord-
wiseloadingwithtimeforthetwo-
dimensionalwingflyingata subsonicMach
numberis shownin sketch(r). Noticethat
for t>O, the
differentfrom
speeds(sketch
chordwiseloadingismarkedly
theloadingat supersonic
(o)). However,for t = O
Me</
Sketch(r)
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isuniform
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regioncorrespondingtoregion(3)of sketch(q),theloading
andequalto 4u/~,as inthesupersoniccase.
DampinginPitchofLow-Aspect-RatioW ngs
Previously(eq.(20)),itwasshownthatforsingle-degree-of-
freedom,slow-frequency,pitchingoscillationsofa wing,theprincipal
parametercontributingtothedampingofthemotionisthedampingcoef-
ficientC%+ ~. Thisresult,however,isnotdirectlyapplicableto
thecaseofanaircraftinflight,sincegenerallyadditionaldampingis
providedby virtueofthefactthattheaircraftexperiencesharmonic
verticaltranslatoroscillationsa wellas therotaryoscillations.
.
Fortheslow-frequencycase,however,theeffectofthesecondegreeof
freedomonthedampingcanbe determinedby useof therelationships .— —
giveninreference10. Itisfurthershowninreference10thatalthough
theeffectofthetranslatoroscillationisusuallyto increasethe
total.damping,nevertheless,theparameterofprimaryimportancein
determiningthemagnitudeanddurationofthemotionremainsthedamping-
in-pitchcoefficientCq+c..
3
Theremainderofthissectionis
thereforeconcernedwitha stuy oftheeffectonthisparameterof
certainimportantvariables.Inparticular,theeffectoftheposition
of thecenterof gravity,andtheeffectsofMachnunber,aspectratio,
plan-formshape,frequency,andthicknesswillbe examined,principally
by inspectionftheindicialiftandmomentresponsestoa changein .—
angleofattack.
.
Effectof staticmargin.-JKromthepreviousdiscussion,itwillbe
rememberedthatat supersonicspeedsthestabilityderivativesCM((7J
andC%(ua)wereshowntobe equivalenttotheindicialiftandmoment
expressions,-Joa Fl(~)@ad -f”a Fa(~)d9.Furthermore,itwasshown
thatthesewere”thecontributions”whichcouldcausethetotalliftand
momentduringtheshort-periodscillationtolagbehindtheangleof
attack.Hence,by inspectionf equation(1~),itisevidenthatsince
C%(~a)isal-ys st~bilizing,when C~(aa)isnegative(corresponding
toa staticallystablecondition)thepossibilityofdynamicinstability
intheformofnegativelydampedrotaryoscillationsariseswhen
C@(Ua),theshadedareainsketch(k-ii),islargerthan C (da).
?Nowsincethenormalvelocityatthesurfaceofthewingdue o the ,,
instantaneousangleofattackisconstantoverthewing,thelift
derivativeC% whicharisesfromthisboundaryconditionisindepend-
entoftheaxispositionand c% willthereforevarylinearlywith
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axisposition.Thisvariationis illustratedin sketch(s),where~
representsthedistamceofthecenterofgravityfromtheaerodynamic
center,measuredpositiveforwardoftheaerodynamiccenter.
Sketch(s)
TQe parameterC%, ontheotherhand,isa directfunctionofthe
axisposition,sinceitaxisesfroma normalvelocitydistributionthat
variesdirectlyasthedistancefromtheaxis. Themomentcoeffi-
cientC willthereforevaryas thesecondpoweroftheaxisposi-
tion,an%describestheparabolicshapeshownalsoin sketch(s). It
is evidentfromsketch(s)thatthesumof C% andC~ willbe a
minimumat somevalueof thestaticwrgin,andthatthesign
of C% + c% at thatpointdetermineswhetherornota regionofaxis
positionswillexistoverwhichthewingcanexperiencen gatively
dampedrotaryoscillations.Thesequalitativestatementsmaybewritten
e~licitlyby consideringtheequationforthedampinginpitchaboutan
arbitraryaxis,
whereagainq refersto thedistanceofthecenterof gravityfrr~
theaerodynsmi.ccenter,andthesubscriptedtermsarereferredtoan
axisthroughtheaerodynamiccenter.
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Takingthederivativeofequation(26)withres~ecto @/E, and
settingtheresultequalto zero,thereisobtainedtheaxislocation
atwhich.thedampinginpitchisa minimum
Whenequation
the
and
dampingin
r 1
(27)isinsertedintoequation(26),theminimumvalueof
pitchisgivenas
P’@tilm,n:
hence,a region
{F’4:b’(o}’k {b]; +2 ’28)
of in~tabilitywillexistif .
{F=J+40}+* {[4:’42’0
(29)
Ifequation(29)isgreaterthanzero,theboundariesoftheregionof
axis-positions-over~hichinstability-ispo siblexeof course-givenby
settingequation(26)equalto zeromd solvingfor LQ@.
Noticeinbothsketch(s)andequation(30)thatfora givenMachnumber
therewillbe twoaxispositionsatwhichthedampinginpitchvanishes.
Theniftheaboveprocedureiscarriedoutfora seriesofMachnumbers,
onemaytraceouta curveas shownin sketch(t)whichformsthelocus
ofMachnumbersandaxispositionsatwhichthedampinginpttchis zero.
ThislocusthusdelineatestheregionsofMachnuniberandaxisposition
forwhichdynamicinstabilityisandisnottheoreticallypossible.
Suchloci,coveringa widevarietyofwingsat supersonicspeeds,have
beenpresentedby a numberofauthors.Watkins,forexsmple,presents
supersonicboundarycurvesforrectangularndtriangularwingsinrefer-
ences16and17. At subsonicspeeds,MilestreductionofPossio’s
developmentto firstorderinfrequency(ref.11)canbe usedtoforma
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stabilityboundarycurveforthetwo-
dimensionalwingfora given(small)
reducedfrequency.Sucha curveispre- Ai sentedfortheentireMachnwber range Axe
in figure1,where,here + ~ isthe F
distamceof theaxisofrotationbehind
theleadingedgeand k, thereducedfre.
quency,isO.011forsubsonicspeedsand
approacheszeroforsupersonicspeeds.
Noticeinfigure1 thatatbothsubsonic unstable
andsupersonicspeeds,therangeofMach
nundersoverwhichdynsnicinstabilityis o +
possibleislargestforcenter-of-gravityI“” Me
positionsforwardof theaerodynamic I
center.Further,thelargestrangeof
axispositionsoverwhichdynamicinsta-
bilityispossibleoccursnear ~ = 1. Sketch(t)
Bothofthesecharacteristicsaretrueaswellforthree-dimensional
wingsat supersonicspeeds(see,e.g.,refs.16to 19).
EffectofMachnumiber.-NextconsidertheeffectofMachnumberon
thedampingInpitchofa two-dimensionalwingwithaxisat theleading
edge.ThevariationwithMachnumiberof theindicialpitching-moment
responseto a changein a willfirstbe examined,usingtheinformation
.
giveninthepreviousectionsandtheindicialcurvesgiveninrefer-
ence4. At supersonicspeeds,themannerinwhich -~ UaFa(~)dCp,the
areacorrespondingto CM, isaffectedcan,thenbe ass~ssedandcom-
paredwith C (ua).
?
At subsonicspeeds,useismadeof equation(l&b).
Itisevidentn equation(18b)thatby fixingk andchoosing~1,
suchthatthequantity~ G(q=,k)is thesameat eachlkchnumber,one
is freeto comparefiniteareas - JqlF~(g)dqonan equivalentbasis.
o
As hasbeenmentionedpreviously,thestarttnglift,at anyMach
number,is h/~ andisconcentratedatthemidchord.At ~ = 0,
therefore,thereisan initialinfinitepulseinthepitchingmoment
aboutanaxiscoincidentwiththeleadingedgeafterwhichtheindicial
curvedropsto fif4andbeginsto WOW asyqmticallytowsxditssteady-
statevalue z/2. At lowsubsonicMachnumbersotherthanzero,the
initialpitchingmomentislessthaninfiqitebutverylarge,being
2/~, andthenfallsbeforegrowingtowardthesteadyvalue fi/2B.As
theMachnumberincreasestoward1.0,thestartingpitchingmoment
fallswhiletheasymptoticvaluegrows,untilat ~ = 1.0 theindicial
curvebecomesunboundedin~ymptoticmoment.
.
.,
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As seeninsketch(u),theeffectof increasingtheMachnumberat
subsonicspeedsisthereforeto increaserapidlytheareacorresponding
to thedestabilizingmomentcontribution,- /9’F#P)d%
o
1
m,Me=o
/
w,M*=LO
4
-GMC /
3
2.
I o
I
1: 1
I @’,MosO ##;,M.=.50 $$,M.=.80o /0 20 30 40 30 #
In sketch(u),k was
pickedsuchthat . ~
followingdiscussion,
referredtoas CM forconvenience. u
.
Sketch(u)
chosentobe 0.011and-thevaluesof ~1 were
G(~lyk)was+4.88ateachMachnumber.Inthe
thedampingmoment--~qlF~(cp]dQ+4.88 willbe -
At supersonicspeeds,theinitialvalueof thepitchingmoment2/~
continuestodropwithincreasingMachnumber,butherethesteady-state
pitchingmomentalsobeginsto fallandat a fasteratethanthestart-
ingmoment,being 2/j3.Evenmoreimportant,astheMachnumberincreases,
thenumberofhalf-chordlengthstraveledto-reachsteadystatedecreases
rapidly,being22,forexample,at ~ = l.l-~”ascomparedto 4 at ~ = 2.
As seenin sketch(v),thearearepresentingCm thereforeshrinks
rapidlywithincreasingsupersonicMachnumberandbecomesrelatively
unimportanta Machnumbersgreaterthan2. Thetrendof ~ with
Machnumberthroughtherange 0<~<2 is tireclearlyevidentin
sketch(w). Itisseenthat Cm ispositive,ordestabilizing,
throughouttheMachnumberrangeandthatitseffectismostimportant
at Machnumbersnear1.0. Alsoshownplottedforcomparisoninsketch
isthevariationof Cmq withMachnumber.Whentheparametersare
added,itisevidenthatthedampingmoment
c~
+ c% forthetwo-
dimensionalwingwithaxisattheleadingedgeisdestabilizinginthe
Machnumberrange o<~<l.41b.
(w)
.
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Effectofaspect
ratio.-To tiustratethe
effectofaspectratio,
it isconvenientto
comparethesupersonic
. damping-in-pitchchar-
acteristicsofa groupof
triangularwingshaving
.
subsonicleadingedges.
Thewingsareof equal
areaanddifferonlyin
aspectratio.As was
donepreviously,the
indicialiftresponses
toa changeinangleof
attackwillfirstbe
examined.Theeffectof
as~ectratioon thechar-
acter~sticarearepre-
sentingc% canthenbe
assessed.
Sketch(v)
-10
0
10,
%,,,G.&.
20
30‘
Sketch(w)
As hasbeenmentionedpreviously,thestartingliftcoefficient
aftera stepchangein u is independentof.aspectratioandisthere-
foreequalto 4U/M foreachwing. Thepm-eter ~a)then~er of
halfM.A.C.lengthsrequiredtoreachsteadystate,isalsothesamefor
. eachwing,beinga functiononlyofMachnumber.Thesteady-statelift
coefficient,on theotherhand,isa functionofaspectratioand
.
decreasesas theaBpectratioiereduced.
in sketch(x),as theaspectratiobecomes
NACARMA52L@a
~US, as shownscheut~callY - j
maller,thecharacteristic
8
G=t
Sketch(x)
arearepresenti~C= decreasesrapi~y.e
asyectratio,C~ maybe positive8fncethe
Forthewingofsmallest .
areabelowthesteady.
-L
stateliftcoefficientismorethancompensatedforby theareaabove.
Itisevident,therefore,tht a reductioninaepectratio&S a hi@~y .
stabilizi~effectonthedampirIginpttch,sincefOrpOsitiVevalues
of thestaticmarginthedevelopmentofa destabilizingdampi~moment
Ispossibleonlywhen ~ isnegative.Thisresultisshownin
eketch(y)where$foranaxisofrotationlocatedat 0.27? andM@.2,
thedampingparametersarepresentedas functionsofaspectratio.
Sincefortrian~= wingstheliftdueto & isconcentratedat ~ ??
C% isequa to
-$ %“ Thevariationof @ withaspectrati~ ‘
showninsketch(y)thenfollowsdirectlyfromthetrendof CM shown
in sketch(x). Alsoplottedin sketch(y)isthevariationof C!W
‘Theoreticalindicialcurveshavenotyetbeencalculatedforthe
triangularwingwithsubsonicleadingedge~.Thecurvesdrawnin
sketch(x)areestimatesofthetrueshapes,andareintendedonly
to indicatethetrendofthecharacteristicareawithaspectratio.
Theexactvariationof CM withaspectratiocambe computedfrom
theresultsofreference20.
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cm&
Sketch(Y)
withaspectratio(ref.20). ItisapparenthatalthoughC% becomes
morestabilizingwithincreasingaspectratio,thedestabilizingeffect
of Cm predominates,andthetrendof thenetdampingmomentisseen
tobecomehighlydestabilizingastheaspectratiois increased.
By thesamereasoning,‘thevariationwithaspectratioofthe
dampingmomentsof othertypesofwingscanbe showntobe similar(see,
e.g.,refs.11,21,22,and23). A notablexception,however,isthe
triangularwingwithsupersonicleadingedges,whosedampinginpitch
hasbeenshowntobe independentof aspectratio(seerefs.18and19).
Thischaracteristicmaybe anticipatedfroma studyoftheindicial
responsecurves,sincenotonlyaretheinitialpitchingmoment~(o)
andthehalfM.A.C.lengthstraveledtoreachsteadystate(ua)inde-
pendentof aspectratio,but,unlikethesubsonic-edgedtriangularwing,
thesteady-statep tc ‘ngmoment
[7
c~(ua)isalsoindependentofaspect
4 AX.
ratio,being - — — .J Inspectionoftheresultsofreferenceh thenP E
revealsthattheindicialvariation~(p) betweenzeroand aa and
thesteady-stateparameterC%(aa)arelikewiseindependentofaspect
ratio.
Effectofplain-formshape.-Next,considertheeffectofplan-form
shapeon thesupersonicdsmpinginpitchofa groupoftingshavingthe
sameaspectratio.Inordertomakeuseof readilyavailabletheoretical
resultsandyetcomparetheseresultswiththeexperimentaldatatobe
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givenlater,threewingsofat3pectratio3 are
gular,swept,andrectangularplanformsshown
NACA
chosen,having
insketch(z).
RMA52L@a
thetrian-
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Ae53./. A =ao
Ct
~
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Sketch(z)
As hasbeenshownin thesectionentitled“Eff,ectof staticmargin,”
thetendenciesofthewingstoward ynamicinstabilitycanbe compared
comprehensivelyby plottingtheirstabilityboundaries.Forthiscom-
parison,then,useismadeof equation(30).Thestabilityderivatives
whichappetiinequation(30)werecomputedfromthetheoreticalresults
ofreferences11,20.,22,and23. Resultsof-thesecalculationsare
showninfigure2,whereinthestabilityboundariesforthethreewings
areshownasa functionofaxispositionandMachnumber.(Notethat
theaxispositionforeachwingismeasuredasthedistancefromthe
.
leadingedgeoftheM.A.C.ofthewing,andthatthedimensionsarenon-
dimensionalizedon an equivalentbasisby referringthemtotheM.A.C.
ofthetriangularwing.).Itis clearfrominspectionof figure2 that
.
at anyMachnumberthetriangularwinghasthesmallestrangeofaxis
positionsoverwhichdynamiicnstabilityispossibleandtherectangular
wing,thelargest.
Thedifferencesinthedampingcharacteristicsof thetriangular
andrectangularwingswillbemoreclearlyunderstoodby a qualitative
studyof’th”eirndicialiftresponsesfora hfachnumberof1.2,andan
examinationfthedistributionfloadingdueto & forthetwowings.
Considerfirsttheindicialiftresponses.
Again,thestartingliftcoefficientisindependentofplan-form
shapeandis kcL/~foreachwhg. Fortherectangularwing,the
liftdropsabruptlyaftertfme.zeroduetothelossinliftinthe
regionsofthewinginfluencedby theformation.of.thetipMachcones
andthestartingwavesfromthesideedges(seesketch(m)).Thenas
thewingbeginsto emergefromtheinfluenceofthestartingwaves,the
liftbeginstorecover,ri~estowarditssteady-statevalue(given
by eq.6.3-2ofref.11),andattainsthisvalueafter12half-chord
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lengthsoftravel(eq.(24)).Thevariationis showninreference4 and
isredrawninsketch(aa).As mentionedpreviously,theoreticalindicial
5
G=
4 =/.2
3
P
Sketch(aa)
liftresultshavenotyetbeendevelopedfortriangularwingshaving
subsonicleadingedges.However,thevariationshowninsketch(aa)is
consideredtobe a reasonableestimateufthetrueshape,beingbasedon
knowledgeof thesteady-statelift(ref.20),thetimetoreachsteady
state(eq.(24)),andtheassumptionthattheshapeofthevar3_ation
wouldbe similarto thatofthewidetriangularwing(ref.k). The
. mrve wasadjustedwithinthelmownendpointsuntiltheareacorrespond-
ingto C~ agreedwiththatgivenforthisparameterinreference20.
Itisevidentfromexaminationf sketch(aa)thatbecauseof theinitial
. lossinliftandthelargersteady-stateliftfortherectangul=wing,
C~ forthiswingis significantlymorenegativethanthatforthetri-
smgularwing. Neti,it is showninreferences11 and21thatwiththe
exceptionofregionsinfluencedby tipMachcones,theloadingdueto &
(for9> Ua)fortingshavingswept-backleadingedgesincreaseslinearly
fromzeroalongraysfromtheapex;whereasforrectangularwingsthe
loadingdueto & increaseslinearlyfromzeroalongcho~dlines.These
characteristicsplacethecenterof loadingdueto &atZco forthe
2triangularwingandapproximately- co fortherec*@ar wing.73
Thenforanaxisof rotationpassingthroughtheaerodynamiccentersof
thewings,themomentam fortheliftdueto & forthetriangular
7Duetotheinfluenceof thetipWch cones,thecenterofloadingdue
to & is shiftedforwardsomewhatfromthepositionithasforthe
two-dimensionalwing. Calculationsforthe A = 3 rectangularwing
at ~ = 1.2showthatthecenterof loadingisat 0.605co.
.
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1 1wingis 5*whereasfortherectangularwingitisapproxi-Eco0r8 ‘
mately- C0.8 Thus,notonlyisthenegativeout-of-phaseliftcontri-
;
butionCm fortherectangularwingsignificantlylargerthanthatfor
thetriangul~wing,butthedestabilizingd%pingmoment-$c~ i.B
largeryet,duetothelargermomentcum. Calculationsforthesteady
pitchingparameter~ foranaxisthrough-thea rodynamiccenter
(refs.11and20)thenrevealthat Cmq forthetriangularwingismore
negativethanfortherectangularwing. Thenetresultisthereforea
considerablyargerdampingmomentforthetriangularwingthanforthe
rectangularwing. Theresultofthiscomparison,however,shouldnotbe
interpretedasa recommendationthatthetriangularratherthantherec-
tangularwingbe usedonaircraftfroma dynS.micstabilitystandpoint.
To obtainadequatestaticstability,therectangularwingwouldgenerally
be employedincombinationwitha tailsurface,whereasthetriangular
planformmaybe sufficientlyairworthywithoutheuseofa tail.The
L.
additionofa tailsurfaceineffectreducestheaspectratioofthe
rectangularwing,whichreduction,asnotedpreviously,hasa highly
stabilizingeffectonthedampinginpitch..Thetaillesstriangularwing
maythereforeexperiencemoredifficultyatMachnumbersnear1.0thana
rectangul~wing-tailcombination.
Effectoffrequency.-Thepreviousdiscussion’hasbeenrestricted
to theanalysis.ofa harmonicmotionthatisofvanishinglysmallfre- .
quency.Thislimitation.arosea a consequenceofdiscardingallbut
firstorderinfrequencytermsintheexpansionsofequations(12)
and(14).The.questionariEes:whenthefrequencycanno longerbe con- l
Eideredsmall,whateffecthasthefrequencyonthedampinginpitch?
Previously,thetrigonometrictermsinequation(14)wereexpanded
and,assumingk tobe verysmzill,termsoforderk2 andhigherwere
eliminated.Itwasthenfoundthatthelossindampingfromthatpro-
videdby thesteadydampingparameter~(aa) wasassociatedwiththe
destabilizingmomentcontributioncorref3pondingtotheterm
- ~~ Fa(Q)d% Now,however,we discardtherestrictionf smallk
andnerforma~hicallytheintegrationsevidentinequation(14)for
-.
supersonicspeedsforseveralvalues
insketch(bb).Itis.apparentfrom
increasingk istoreducethearea
momentcontribution- ~UaFa(@ COS
o
of k. Theprocedureis indicated
sketch(bb)thattheeffectof
correspondingtothedestabilizing
k@iq. Thereappearsanother
.
‘Again,duetotheinfluenceoftipMachcones,theaerodynamiccenteris
1
shiftedfOrWSXdfrom ~ coto0.443co. Themomentarmistherefore
0.163 Co.
*
.—
.
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- @vcoskfd
o
. Sketch(bb)
destabilizingcontribution,
-k&uaF4(9)sinWdq, butquitee~dentlY
.
itseffectis smallcomparedto thereductionintheterm
-~aa F.@) COS@d~. Noticefurtherin sketch(bb)thattheeffectof
in~easingk becomesofmsrkedimportancewhenthehalf-periodf
oscillationisthesameorderofmagnitudeas thetimefortheindicial
responsetoreachsteadystate.As shownin sketch(bb)forthefre-
quency 0k=,thqareab othenbeginsto subtractfroma ,sothatthe
destabilizingcontribution-~uaF~(q)cosk%l~ canbeverysmal-1.We
maythereforexpect hatincreasingthefrequencyofoscillationhasa
stabilizingeffectonthedampinginpitch.Thisconjectureis sub-
stantiatedinfigures3 and4,wherethesupersonicstabilitybo~wy
curvesforaspectratio4 triangularsndrectangulsxwingsareshown
plottedforvariousreducedfrequencies.Thesecurveswereobtained
fromcalculationsbasedontheresultsofreferences16and17. Notice
thatforbothwingstheregionofpossibleinstabilityisdiminishedas
thefrequencyisincreased.
Fromtheresultsoftheanalysisforsupersonicspeeds,we may
furtherexpecthatthestabilizingeffectof increasingthefrequency
.
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will be of evenmoreimportanceat subsonicspeeds,forheretheindicial
variationF8(~)diesoutat infinity.Thehalf-periodf oscillation
isthereforealwayssmallerthanthetimetoreachsteady
Thesituationfortheterm
- ~mFa(9)COSkw~ iS shown
o
state.
in sketch(cc).
4 k-
f ~...— .
Coskg ,./-
0 \ -.
A
-i
‘\
\
- &a!)cosk#
o %
Sketch(cc)
It isevidentin sketch(cc)thatthedestabilizingmoment
-\mF.(~) cosldld~diminishesrapidlyasthefrequencyisincreased.
TheOeffectofthisreductiononthedampinginpitchcanbe illustrated
by plottingthesubsonicdamping-momentcoefficientagainstreduced
frequencyforthetwo-dimensionalwing(withaxisattheleadingedge)
forMachnumbersO,0.5,and0.8. Theresults,whichwereobtained
fromreference4,areshowninfigure5. Itisseeninfigure5 that
thelargedestabilizingeffectsofthemoment‘contributions
-fomF~(’?)cosk~qand -k~omF4(~)sink%i~ areconfinedtoa rela-
tivelynarrowrangeofreducedfrequencies.~oticefurtherinfig~e 5 -
thattherangeof frequenciesforwhichinstabilityispossibleis small
at ~ = O (O<k<o.ok)andgrowswithincreasingMachnumber.This is
believedtobe theprimaryreasonwhyunsteadylifteffectswerefound
tobe unimportanta lowspeedsbutareofgreatimportanceat speeds
nearthesonicspeed.
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Effectofthickness.-Inthissection,theconceptsregardingthe
indicialfunctionsdiscussedinpreviousparagraphswillbe usedto
examinetheeffectofprofilethicknessonthedampinginpitchof a
two-dimensionalwingflyingat a supersonicMachnumber.
Itwi~ be recalledthatforlowfrequenciestheQampinginpitch
maybe consideredtobe thesumofthedampingmomentdueto steady
pitching,
~(.a), =dtieae..ep.esenting C% ontheplotof the
pitching-momentresponsetoa stepchangeinangleofattack
(sketch(k-ii)). Theairfoilthickness,of course,influencesboth
theseparameters.Forthepurposeofthisanalysis,itwillbe con-
sideredsufficientlyaccurateto studytheeffectsof thicknessonlyon
thesteadyparameter
~(oa) md on theendvaluesC%(o),~(aa)
andaa oftheindicialresponsecurve.Itwillthenbe assumedthat
shapeoftheindicialresponsecurveisnotappreciablyalteredby thick-
nesseffects,whereuponthemajoreffectofthiclmesson C% canbe
assessedby adjustingtheresponsecurvegivenby thelinearizedtheory
to fitthecorrectedvaluesof C%(0),~(ua) ad da.
Ithasbeenshownby Busemann(see,e.g.,ref.24)thattheloading
at anelementofa liftingairfoilmaybe representedby —
Ap
{
— = cl[uu-az+2a]-1-c= rJu%z2+2a[uuw~]
% } (31)
.
where
and auandU2 arethelocalslopesoftheupperandlowersurfaces,
respectively,measuredtithrespectothechordline.Forthespecial
caseofan airfoilthatis symmetricalboutthechordli.ney
cruequalsCJzandequation(31)reducestothefollowing:
AP
— = 2aCl+ 4aC#u
‘% (32)
Forthesakeofsimplicity,inwhatfollowsequation(32)willbe used
forthelocalloadingratherthanequation(31). TheresultswilJthere-
forebe validonlyforairfoilsthataresymmetricalboutthechordline.
.
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Theliftontheairfoilduetoangleofattackisobtainedsimplyby
integrationfequation(32)acrossthechord.
C~(LYa)cL(ua).—=2C=+ % fco Uuax
a co o (33)
Similarly,themomentduetoangleofattack,measuredabouttheleading
edge,iti
Cm’(Ua)C~’(Us) =~= - c1 -~~coCruxdx
co=’ o
(34)
Whenboththeleadingandtrailingedgesareonthechordline,equa-
tions(33)and(34)reducetothefollowing:
(35)
.
.
where flistheenclosedareaoftheairfoilsection.
Thelocalloadingivenby equation(32)isstillapplicablefor
thesteadypitchingcasewiththisaddedprovision:thatnow a repre-
sentsthelocalangleofattack.Foranairfoilpitchingaboutits
leadingedge,thevariationof a withchordwisedistanceisgiven
by a= qx/Vo$where q
liftduetopitching,
CL’(da)=
c%’(Oa)=
isthepitchingvelocity. Thenagain,forthe
+[c”4&
CL’(Us) 8CZ
C02 J_:”%x &—=2c~+—
qcc@v’o
7
(36)
.
.
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. Likewise,thepitchingmomentduetopitchingabouttheleadingedgeis
(37)
Theprimeson theparametersindicatethatthemomentsaremeasuredabout
andthewingispitchingabouttheleadingedge.
Inorderto illustratetheresultgivenby equation(37),the
dampingmomentdueto steadypitchinghasbeencomputedfora fsmilyof
airfoilshavingsymmetricalbiconvexparabolicarcsections.The
resultsarepresentedinfigure6. Thedashedlineinfigure6 repre-
sentsthetheoreticallocusofMachnumberandleading-edgeanglefor
bow-wavedetachment(ref.24). Sincetherequirementsofthesecond-
ordertheoryareviolatedtotheleftofthisltne,thedampingcurves
therearenotrigorouslycorrectjsndthereforesreterminateda short
distancebeyondtheline.
To determinetheeffectofthicknessontheparameter,~’, itis
assumedthattheshapeoftheindicialpitching-momentvariationisnot
.
significantlyaffectedby thickness.Whenthisassumptionismade,it
becomesnecessaryonlyto correctheinitialandfinalordinatesofthe
indicialcurve
.
C%’(o)andCm’(~a)andthenumberofhalf-chordlengths
traveledto reachsteadystate,aa. Theresponsecurveisadjustedto
fitthesenewendvalues,sothatthearearepresentingthecor-
rected~’ canthenbe determined.
Theeffectofthicknesson thefinalordinateof theindicialcurve,
C%t(aa),hasalreadybeendetermined(eq.(34)).Noticonsiderthe
startingliftandmoment.
Assumefirsta thinflatwingtobe flyingat zeroangleofattack
ina uniformstreamofdensityPO. At timezero,it startsto sink
withdownwardvelocityVom. Theimpulsivestartcausesa planecom-
pressionwavetobe emittedfromthelowersurfaceat thespeedof sound,
whichisconstanthroughoutthestresm.(Thepressureandtherefore
thetemperatureis sensiblyconstant.)At thesameinstant,a plane
expansionwaveisemittedfromtheuppersurfaceandtravelsatthesame
velocityintheoppositedirection.At theendofan infinitesimaltime
periodAt,thewinghassunka distanceVoaAt.Thesoundwaveshave
.
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moveda distance -t in both directions.Themassof fluidaffected
is 2pocoa@. Then,fromNewton’secondlaw,onemaywrite-
(fu-fZ)At = 2pocoa@tVocL
where fuandfz aretheforcesperunitspanon theupperandlower
surfaces,respectively.Convertingto coefficientform,itthenappears
that
CL(o) fu-fz 4
—= =—
a
~ poVo2coa%
Forthewingoffinitethicknessforwhichthepressurevariesalongthe
chord,a differentresultisexpected.Thewingisassumedtohavebeen
flyingat zeroangleof attackfora periodof timelongenoughforthe
flowtohaveestablisheditselfaroundthesurface.Inthiscase,the
density,temperature,andthereforethespeedof sound,varyalongthe
chordduetothecurvatmeofthesurface.At timezerothewingagain
startsto sink,butthecompressiona dexpansionwavesarepropagated
at differentratesatvariouschordwisepositionsothat
At [fU-fZ](x)=25 (x)~(x) pC#@;voa
andthestartingliftbecomes
CL(0) 4 co&Q&”
‘=~~ poao
(38)
a
Fromreference24,thevariationof P/PO a/a. with ~ is found to be
pa
——
[ 1= l+ycp~”Pc)a. (39)
where Cm isthepressurecoefficienta a pointonthesurfacewhen
theairf~ilisat~eroangleofattack.Again,fromreference24,
P-PO
cP=~ = Clau+ C#u2 (40)
where p andPO are,respectively,the
faceof theairfoilandthefree-stream
pressureata pointon thesur-
staticpressure.
.
—
.
.
.
.
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Forthesymmetricalbiconvexparabolic
earlier,thelocalslope au isgivenby
“.=25 [’-51
45
arcairfoilconsidered
(41)
where 5 isthethicknessratio.
Thenexpandingequation(39) in a binomialseries,retainingterms
throughthesecondorderIn au,andperformingtheintegrationi dicated
by equation(38)$thereresultsforthestartingliftcoefficient
c~(o) s+{l+o.04~252[20c2-~2c12] } (42)
A similarprocedurecanbe carriedoutforthestartingpitching-moment
coefficient,measuredabouttheleadingedge
c%’(o)= --.J-JJ=WX
P.a.
(43)
It isnecessaryalsoto considertheeffectof thicknesson thetime
requiredfortheloadingontheairfoilsubjectedtoa stepchangein
angleofattacktoreachsteadystate.As wasseeninsketches(n)
and(p),thetimeto reachsteadystateis exactlyequivalenttothe
timerequiredforthewingto escapetheinfluenceofthesoundwaves
emittedfromtheleadingedgeat thestartofthemotion.Forpurposes
ofanalysis,thesituationisreversedby requiringthatthewingremain
stationaryina fluidmovingwithsupersonicvelocityVo,andcausing
a soundwavetobe emittedat theleadingedgeofthewing. To an
observerstandingontheuppersurfaceoftheairfoil,therewillappear
tobe twowavefrontswhosevelocitiestangentothesurfaceare
[V+a]and [V-a],where V anda arethelocalstreamvelocityandlocal
speedof sound,respectively.Thenthetimerequiredfortheslower
wavefrontto cleartheairfoilisgivenby
‘a‘ J’tadt=J’%[V-a]coJtilau] (44)V. Jo [v/ao-a/ao~-
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It isthereforenecessarytoobtainV/a.anda/a. as functionsof
chordwiselocationx. Again,inreference24thesequantitiesare
foundtobe functionsofthelocalpressurecoefficientCp.
y-1
a
[
—=1-1- * Cp
1
7
a.
1
(45)
‘= [+{1-[:]2}+%’]$a.
Expandingequations(45)tlu?ought esecondpowerof ~ andm
throughthesecondpowerof au,
%ta=—
Vo[~-l1
thereisobtained =
f’oF+*”fl~
o 1-K1CP+R2CP2
where
0.50M0 + o.lo~2
ICI=
%-1
(46)
o.12~[~=1] + o.o~4
~2=” ~-l.
Thepressurecoefficient~ isnowassumedtobe thatexistingat
a pointonthesurfacewhentheairfoilisat zeroangleofattack.This
assumption,of course,introducessomeerrorsincetheangleofattack
haschangediscontinuouslyfromzeroto a at t = 0. However,ifwe
requirethat a be lessthan 82,thentheerrorintroducedthrough
neglectoftheeffectofthechangein a onthepressurecoefficient
isnegligible.Then,as inthestartingliftproblem,
CP = Cluu+ c2au= (47)
Insertingequation(47) intoequation(~), dividingnumeratorby denom-
inator,andagainretainingtermsthroughthesecondpowerin au,there
results
.
.—
% coH { 1ta=— l+c~~lcru+IC1C2+[K1%2Jc12+~ 11‘u2 dx (~)V. [M&l] o
.- .. ... - -
7X
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Forthesymmetricalbiconvex
equation(41),whereuponfor
statebecomes
parabolicarcairfoil,au isreplaced
thisairfoilthetimetoreachsteady
ta = -=- [l+E.IV. [M&l]
47
by
(49)
where
Alternatively,intermsofthenumberofhalf-chordlengthsoftravel,
(m)
The effectofthiclmessonthedampingparameterCM’ cannowbe
estimatedapproximatelyby adjustingtheindicialpitching-momentcurve
obtainedfromthelinearizedtheorytotheendvaluesgivenby equa-
tions(34),(43),and(~), andthenmeasuringthemea correspondingto
the“corrected”Cq. Theprocessis indicatedin sketch(old)below,
andtheadjustmentformulasaregivenby equations(51).
Sketch(old)
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[
~’ (u.) - At%’ (o)
1
I
( 51)
%#d = G@/(o) - %1’(0)
-’(%) = ~’(uao) - c~l’(%,)
andthesubscriptso and1 indicatevaluescorrespondingto thelinear-
izedtheoryandtheadjustedtheory,respectively.Noticealsoin
sketch(old)thattheareacorrespondingtothead~ustedvalueof ~!
isgivenby thefollowingexpression:
C%; = ~’ +@- UalAC~’(aa) (52)
Theparsmeter~’ forpitchingabouttheleadingedgehasbeen
computed,usingequations(35)to (52)forthesamefamilyofairfoils
as thatdiscussedpreviouslyandtheresultsaddedtothoseobtained
for ~’ (eq.(37)).ThetotaldampingmomentC I + C~’ is shown
plottedasa functionofMachnumberinfigure7.? t isevidentfrom
examinationffigure7 thattheeffectsofthicknessaresmallandare
inthedestabilizingdirectionwithincreasingthicknessratio.It
shouldbe notedthatthisresultdoesnotagreewiththoseofJonesand
ofWyllyinreferences25and26whichindicatethattheeffectofthick-
nessisextremelystabilizing.Inreference27,however,VanDyketakes
issuewiththeresultsofreferences25and26,andoffersanalternate
solutioncorrectothesecondorderinthickness.Fromthisresult,
thefollowingrelationshipforthedamping-momentcoefficientforpitch-
ingabouttheleadingedgecanbe deduced:
.
.—
[c%’+%’
where
FQ’+C4
linearizedtheor$
isthedamping-momentcoefficientobtainedfromthe
knd
NACARMA52L0k
N 7+1 M02=——
2 132
X=1 forbiconvexairfoils
h =-
:
fordouble-wedgeairfoils
Thetrendofthedamping-momentcoefficientwith
thisresultagreescloselywiththatobtainedin
thicknessobtained
thepresentpaper.
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EXPERIMENT
WindTunnel
Theexperimentalinvestigationof the
isticsofthevariousmodelconfigurations
Ames6-by 6-footsupersonicwindtunnel.
damping-in-pitchcharacter-
wa conductedinthe
Inthistunnel,theMachnum-
bercanbe variedcontinuouslywithinthesubsonicspeedlimits0.60to
choking,andat supersonicspeedsfrom1.20to 2.00. Thetotalpressuxe
canalsobe changedat anytimewithinthelimits3 poundspersquare
inchabsolutetoatmospheric.A completedescriptionf thewindtunnel
. isgiveninreference28.
Models
Thepertinentdimensionsof thefivewing-bodyconfigurations
investigatedinthepresentreportareshowninfigure8. Allthewings
hadsectionswhichweresymmetricalin streamwiseplanesand3 percent
*hick.Wingshavingleading-edgesweepangleslessthanor equalto 45°
(wingsc,d,ande infig.8)hadbiconvexcirculsx-arcsectionsin
streamwiseplaneswithmaximumthiclmessat 50-percentchord.Wings
havingleading-edgesweepanglesgreaterthan45°(wingsa andb in
fig.8)hadNACA0003-63sectionsinstreamwiseplanes.Thewingswere
identicalinplanformandsectionshapeto thoseinvestigatedinthe
seriesof forcetestsreportedinreferences2$)to 33. Strengthconsid-
erationsrequiredthatwingsc,d,ande be builtof steel.wingsa
andb werebuiltof aluminum.
Themodelswerefittedwithbodiessuchthatthedistancefromthe
apexof thebodyto thewing-bodyintersectionwasthesameforeach
. model.Also,theratioofwingareatobodymaximumcross-sectionalarea
was17.9foreachmodel.Forwardofthepointofmaximumradius,the
~-.:.r..,.
.
..l*L~
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bodieswereofthinlaminatedwoodconstructiona dwereidenticalin .
shapetothoseofreferences29to 33. Thealuminumafterbodieswere
cylindricalin shapeandterminatedatthetrailingedgesofthewings
topermitthemodelstobe deflectedwithsufficientamplitudewhen .
mountedonthesupportstructure.
ModelSupportSystem
Thesupportsystemusedintheyresentinvestigationwasthesame
asthatdevelopedforthesingle-degree-of-freedomfree-oscillation
experimentsofreference10. Theinterestedreaderisreferredto that
reportfora detailedescriptionftheoscillationmechanism.For
thepresentests,twochangesweremadeinthesystemwhichservedto
improvetheaccuracyofthedata.Thechangesandthereasonsforthem
areas follows:
1. Theverticalflexurepivotswhichprovidedverticalrestraint
inthetestsofreference10werereplacedbybearingsafteritwas
foundthattheheaviermodelsofthisinvestigationcausedthepivots
totwistlaterallywhenthemodelwasgivenitsinitialdisplacement.
An undesirableyawingoscillationwastherebyinducedwhichdestroyed
thelinearityofthesystem.Installation.ofthebearingsentirelyelim-
inatedthisyawingtendency.Thedampingdueto frictioninthebearings
wassomewhatlargerthanthatoftheflexurepivots,butby frequent
checkingofthewind-offdampingandregulareplacementofthebearings
itwaspossibletomaintainthetaredagpingwellwithinacceptable
limits.
—
.
2. A stiffeningstrutwasinstalledbetweenthestingsupportand
thetunnelceilinginordertoremovethepossibilityof couplingbetween
themodeloscillationa dtheresonantmodeofthestingsupport.The
influenceofthestrutontheaerodynamicforcesat subsonicspeedswas
investigatedby removingthestrutandrecordingdataforoneofthe
modelsata frequencysufficientlybelowthestingresonantfrequencyto
avoidexcessivestingvibrations.Resultsobtainedwiththestrut
installedandremovedagreedwithintheexperimentalccuracy.
By effectivelyeliminatingbothyawingtendenciesof themodeland
vibrationsofthestingsupport,itcanbe seenfromcomparisonofthe
presentresultswiththoseofreference10 thatthedeviationsbetweena
numberofobservationsata givenMachnumberweremarkedlyreduced.
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ScopeofTests
Investigationofthedamping-in-pitchcharacteristicsof thevarious
modelconfigurationswa conductedovera supersonicMachnmber range
of 1.20to1.90and,wherepossible,overa subsonicMachnumberrange
of0.60to 0.90.TheReynoldsnumberforthemajorportionofthetests
washeldconstantat 1.6x 106perfoot.Additionaldataforoneof the
modelswasobtainedatReynoldsnumbersof 1.0x 106perfootand
3.2x 106perfOOt.
Allthetestswereconductedwiththemodelsata meanangleof
attackof 0°,theanglebeingmeasuredfromthemeanlineofthesting
supportotheaxisofthetestsection.Foreachoscillation,an ini-
tialdisplacementof t5°wasimpartedto themodelby meansofthe
pneumaticallyactuatedpawlarrangementdescribedinreference10.
Otherimportantvariablessrelistedbelowforthefivewing-body
configurationsinvestigated:
Rsngeofmoment
of inertia,
Model slug- ft2
A = 2 triangular 0.0534- 0.0589
A = 3 triangular .0368- .0402
A = 4 triangular .0491- .0512
A= 3 swept .0549- .0576
A= 3 unswept .0422- .0488
Axesof
rotation?Rangeofreduced
$ M.A.C. frequency
35>45 0.012 - 0.037
25, 35 .018 - .o=~
25, 35, 45 .007 - .041
25, 35 lOIL - .025
20, 35, 40 .007 - .025
ReductionofData
Thetechniqueusedinthisinvestigationforreducingan experi-
mentaloscillation-decayrecordtothedamping-in-pitchcoefficient
c
?
+ c% wasidenticaltothatdescribedinreference10. Briefly,
th s techniqueinvolvesplottingtheenvelopeoftheoscillation-decay
curveagainstimeon semilogarithmicgraphpaper.Ifthedampingof
thesystemisa linearfunctionoftheangularvelocity,thisplotwill
be a straightline,theslopeofwhichisproportionalto thedamping --
term. Calibrationsforthemodelmomentof inertiandthedampingdue
to internalfriction,andstandardmeasurementsforthedensityand
velocityoftheairstreamthenenableonetoreducetheaerodynamic
dampingtermto coefficientform.Theaerodynamicrestoringmomentc%
can be obtainedfrommeasurementsof thefrequencyofoscillationsmd
a calibrationforthestaticspringconstantof thesystem.Resultsfor
52 NACARMA5m4a
therestoringmomentabouttwoaxesofrotationa knowndistanceapart
thenpermitcalculationfthelift-curveslopeCLa.
.
.
CorrectionstoData
Nowind-tunnel-wallcorrectionsweremadetothesubsonicresults
foranyof themeasuredstabilityderivatives.To theauthorlsknowl-
edge,no correctionshavebeendevelopedforapplicationtotheforces
actingona finite-spanwingoscillatingina compressiblefluid.
Tunnel-resonant-frequencyeffectswereinvestigatedby useofrefer-
ence34,anditwasfoundthattherangeoffrequenciesu edinthis
investigationwaswellbelowthelowestcalculatedtunnelresonantfre-
quency.Inviewofthefactthatthesubsonicdampingmomentsmeasured
forthe A = 4 triangularwinginthepresentinvestigationagreed
reasonablywellwiththeresultsfora similarwingobtaineduringam
investigationintheAmes12-footwindtunnel(ref.35),itisbelieved
thattheeffectofthetunnelwallsonthedampinginpitchwasnot
significant.
A subsonicorrectioncouldhavebea madeto thestaticparameters
C~ andC%. However,sincethiscorrectionwouldhavebeenverysmall,
andfiviewoftheuncertaintyinvolvedinapplyingstaticorrections
totheresultsofdynamicmeasurements,itwasdecidednottomakethe
correction.
Theeffectsof constrictionftheflowat subsonicspeedsby the
tunnelwallsweretakenintoaccountby themethodofreference36.
Thiscorrectionamountedto,atmost,a 2-percent$ncreaseintheMach
numberandinthedynamicpressureoverthatdeterminedfroma calibra-
tionof thewindtunnelwithouta modelinplace.
Forthetestsat supersonicspeeds,no correctionswererequiredto
bemadeon eithertheaerodynamicmeasurementsortheair-stream
properties.
Thereaderisreferredtoreference10 fora discussionofthe
precisionofthedata.Sincethemethodofreductionof thedatawas
thesameas thatofreference10,theuncertaintyintherecordedvalue
ofa givendampingcoefficient.remainedoftheorderofkO.02.Eowever,
by virtueoftheeliminationfyawingtendenciesinthemodelandsthg-
supportvibrations,thestandardeviationofa numberofobservations
ata givenMachnumberwasreducedfromko.06to*0.03.
.
—
. -.
.
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RESULTS
DampingCoefficients
Thebasicexperimentalresultsforthedampingcoefficientcq+~
forthefivewing-bodyconfigurationsinvestigatedareshowninfig-
ures9 to13. Incaseswheredatacouldbeobtatnedat subsonicaswell
as supersonicspeeds,theseresultsareshownplottedthroughtheMach
numberrange0.60to l.goforreadycomparisonf themagnitudesofthe
coefficientsinthetwospeedranges.Alsoshownplottedinfigures9
to 13arethetheoreticalresultsforthedampingcoefficientC
%
+ c%
at supersonicspeedsforthewingsalone.Inaddition,theoretic
resultsforthetriangularwing-bodycombinations,consideringinter-
ferenceffects,areshowninfigures9 toIl. Thesourcesofthese
theoreticalresultsarereferencesI.1,16through23,and37. Theexper-
imentalresultsforsubsonicspeedsarenotcomparedwiththeory,since
a rigorouslinearizedtheoryfortriangular,swept,orunsweptwings
oscillatingina subsonicompressibleflowhasnotyetbeendeveloped.
A veryapproximateanalysisfor C~ and~ fortheaspectratiok
triangularwingwaspresentedinreference10. h thisdevelopment,he
p=ameter ~ wasapproximatedusingtheincompressibletheoryofref-
erence8 fortheellipticwing. However,a morerigorousanalysisfor
theelJ_ipticwingincompressibleflow(ref.11)hasindicatedthatthe
resultofreference10 for C% maybe incorrect.Thegoodagreement
betweentheexperimentalsubsonicresultsofreference10andthesub-
sonictheoryofreference10maybe fortuitous.
Theresultsforthethreetriangularwings(figs.9 to U.) sndthe
sweptwing(fig.U) showthatinthesupersonicspeedrange,inevery
case,thelinearizedfirst-order-in-frequencytheoryprovidesa reliable
guideforobtainingboththemagnitudeandtrendwithMachnumberof the
dampingcoefficients.Ofp=ticularimportancearethetheoretical
predictionsofrangesofMachnuniberoverwhichthewingscoulde~eri-
encenegativelydsmpedoscillations.Theexperimentalresultsfor
the A = 3 triangularwing(fig.10)areinconclusiveinthisregard
sincethetheoreticallypredictedunstablerangeoccursinthelowsuper-
sonicMachnumberrange,1.0to about1.08,Whereitwasnotpossibleto
obtaindata. Thepredictionsby thetheoryoflargerunstsbleranges
forthe A = 4 triangularwingandthe A = 3 sweptwingwereborneout
%y the experimental.results,as showninfiguresU and12by theexper-
imentalpointsplottedbelowtheabcissas.In theabsenceofawailable
theoreticalresultsforunsweptwings,thee~erimentalresultsforthe
unsweptwingarecompsredwiththeoreticaldampingcoefficientsfora
rectangularwingofaspectratio3 (fig.13). It is seenfromexamina-
tionoffigure13 thatthetheoretical.predictionofa ratherlsrge
regionof instabilityforan at0.205(fig.13(a))is
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borneoutby theexperimentalresultsbutthatthetheoryfailstopre-
dictthereversalintrendofthedampingcoefficientsatlowsupersonic
Machnumbersforaxesofrotationcloserto theaerodynamiccenter
(figs.13(b)and(c)). Itisclearfromtheseresultsthattheeffects
oftapercanbe importantandshouldbe consideredforan accuratetheo-
reticalapprqisalofthedamping-in-pitchcharacteristicsofunswept
wings.
Itshouldbe mentionedthatata Machnumberof0.90,thedamping
of the A = 4 triangularwing(fig.11)andthe A = 3 triangularand
sweptwings(figs.10and12)werehighlynonlinearwithangleofattack,
beingstabilizingforanglesofattackof 5°anddecreasingsteadilyto
zeroatabout1°. ThedashedlinesforthisMachnumbershowninfig-
ures10,11,and12areintendedto indicatetherangeofthisnonlinear
variation.Furtherdiscussionofthephenomenoniswithheldtoa later
sectionofthisreport.Theabove-mentioneddifficultywasnotencoun-
teredwiththe A = 2 triangularwing,andthevalue of C% + Cm
at~= 0.9 forthiswing(fig.9)representsthedampingthroughout
theamplituderange.Subsonicresultsfortheunsweptwingcouldnotbe
obtaineduetothehighlyerraticbehavioroftheaerodynamicrestoring
momentwhichgenerallywassostronglydestabilizingas to counterbalance
thespringrestoringmomentandforcethemodelagainstitsstops.
ReynoldsNumberEffects
Forthe A = 2 triangularwingat supersonicspeeds(fig.9),
dampingcoefficientshavebeenobtainedat threeReynoldsnumbersrang-
ingfrom1.18x 108to 3.77x 108,whileat subsonicspeeds(fig.9)they
havebeenobtainedat1.18XIOS and1.89X 10s. Inbothcases,itis
evidenthatat leastwithintherangeofReynoldsnumbersatwhichdata
wererecordedthereisno
toassumethata similar
aswell.
significanteffectof scale.”Itisreasonable
lackof scaleeffectsexistsfortheotherwings
AeroelxticEffects
Infigures14 to23,thestaticparametersc% andC% forthe
fivewingsarecomparedwithforce-testmeasurementsof similarwings
(refs.29to 33). Sucha comparisonisusefulasan indicationfthe
importanceofaeroelasticeffectsontheaerodynamicpropertiesofthe
lessrigidmodelsofthepresentests.Thefactthatat supersonic.
speedsthereisexcellentagreementbetweenthetwoexperimentsforthe
lift-curveslopeC~9 whereasthepresentresultsfor ~ are
.
.
.
.
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consistentlysmaller~isattributedprimarilytothedifferenceinthe
. bodyshapesof themodelsof thetwoinvestigations.Intheforce-test
investigation,theafterbodieswerecarriedbeyondthetrailingedgesof
. thewings,whichwouldtendto shiftthecentersofpressureofthewing-
bodycombinationsfartherearwardwhileleavingthetotalliftessen-
tiallyunchanged.Fromthisreasoning,itisconcludedthataeroelastic
effectsontheaerodynamiccoefficientsofthepresentestssreof
secondaryimportance.At subsonicspeeds,therearedifferencesinmag-
nitudeofboth ~ andC%. However,inviewofthefactthatno large
effectsofaeroelasticitywerefoundat supersonicspeedswherethe
dynamicpressureisgreatest,itisbelievedthatthedifferences
in C~ andC% at subsonicspeedsarenotduetoaeroelasticeffects.
Itmustthereforebe statedthatat thepresentimethedifferencesat
stisonicspeedsarenotunderstood.
TransferofAxes
Sufficientinformationhasbeengiveninfigures9 to 23topermit
thetransferofthedamping-in-pitchresultsat supersonicspeedsto
axes of rotationotherthanthoseusedduringthetests.Sucha trans-
fer,ifvalid,of coursegreatlyincreasestherangeofapplicability
ofthegivendata.Thevalidityof thetransferequation(givenin
appendixA) dependsprimarilyontheinvarianceofthestabilityderiv-
. ativeswithchangesinangleofattackandangularvelocityandcouldbe
bestcheckedby experimentalmeans.Checksonthemethodareprovided
infigures11(c)and13(c)forthe A = h triangularwingand A = 3
.
unsweptwing,respectively.Showninthesefiguresaretheexperimental
dampingcoefficientsobtaineduringtheinvestigationa dcoefficients
forthessmeaxispositioncomputed,by meansof thetransferequation,
fromtheresultsofexperimentsat twootheraxispositions.It IS
evidenthatthetransferredresultsportraytheactualdatawithsuffi-
cientaccuracyto establishthevalidityofthemethod.
DISCUSSION
EffectofAspectRatio
Itwillbe remeniberedfromthediscussioninthetheoreticalsection
ofthisreportthatthelinearizedtheoryindicatesthata decreasein
aspectratiohasa highlystabilizingeffecton thedampinginpitchof
a triangularwingwithsubsonicleadingedges.Thisindicationis con-
firmedinfigure24,whereinthedampinginpitchis shownas a function
. ofMachnumberforthethreetriangular”wingshavingtheiraxesat 0.3X.
Itisnoteworthythatthe A = 2 wingshowsno tendencytowarddynamic
-’~
instabilityintheMachnumber ange1.2to”l.9,thatfor ~< 1.2 the
trendof thedampingcoefficientsofthe A = 3 wingistowardinsta-
bility,andthata rangeof instabilityexistsforthe A = 4 wing. It
isof furtherinterestonotethatforMachnumbersgreaterthan1.67,
inwhichrangethe..leadinged esof the A = 3 andA = 4 wingsare .
supersonic,thedampingcoefficientsforthesewingsareessentiallythe
same.Thisservesasa partialconfirmationfthetheoreticalpredic-
tionofreference19, whereinit is shownthatthedampingcoefficients
of triangularwingshavingsupersonicleaditigedgesareindependentof
aspectratio.
.-
A morecomprehensivewayof comparingthetendenciesof thewings
towarddynamicinstabilitywouldbe to showtheentirerangesofaxis
positionsandMachnumbersoverwhichdynamicinstabilityispossible,
thatis,toplotthestabilityboundarycurvesforthethreewings.
IntheMachnumberrange1.2to1.9, however,onlythe A = 4 Wing hB
a regionof instabilityandthiscurveis shown,comparedwiththetheo-
reticalcurve,infigure25. .,-
—
Theprecedingcomparison(fig.24)wasusefulprimarilyforverify-
ingthetheoreticalpredictionregsrdingtheroleplayedby aspectratio
indeterminingthetendencyofa triangularwingtowarddynamicinstabil-
ity. A comparisonf theactualmagnitudesof the-Ping momentswas.
masked,however,by thefactthatthecoefficientsforthethreewings
werereferredtotheirownrespectivecharacteristiclengths.Inthe
followingcomparison,an attemptismadetoovercomethisdifficultyb
posingthequestion:Giventhree”triangular-wingsofaspectratios2, s,
.
and4,ofequalarea,andrequiredtohavethesamerestoringmoment
(inft-lb)ata Machnumberof~.4,howdo thephysicalmagnitudesof .
thedampingmomentscompare?Forthispurpose,theaspectratio3 wing
is chosenasa standard,requiredtohavea staticmarginof0.05
at M.=1.4,andthedampingmomentsofallthewingsreferredtothe
M.A.C.oftheaspectratio3 wing. Thecomparison thisbasisis
showninfigure26. Itisevidentfromexaminationf figuxe26 thaton
—
.—
thisbasisalso,theeffectof decreasingtheaspectratioisbeneficial
to thedampinginpitch,theaspectratio2 winghavingthelargest
dampingmomentsthroughouttherangeoftestMachnwbers,andtheaspect
ratio4 wingthesmallest.
EffectofPlan-FormShape
Forthiscomparison,useismadeoftheresultsfortheaspect
ratio3 triangular,swept,andunsweptwings.First,theprediction
madeinthesectionentitled“Theory”regardingthetendenciesOf
threesimilarwingstoward~amic instabilityisexaminedby comparing
thefrstabilityboundaries.Fromtheprecedingsection,itwillbe
.
.
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recalled,however,
triangularwingin
therefore,thatas
thatno regionof instabilityexistsforthe A = 3
theMachnumberrange1.2to1.9. It isapparent,
predictedbythetheorythetriangularwingis
superiorinthisregard.Thestabilityboundarycurvesfortheswept
andunsweptwings,withaxispositionreferredto theleadingedgeof
theM.A.C.,arecomparedinfigure27. Again,thetheoreticalpredic-
tionisborneoutfor,as seeninfigure27,a considerablyarger egion
of instabilityexistsfortheunsweptwing.
Next,themagnitudesof thedampingmomentsarecomparedby choosing
the A = 3 triangularwingas a standard,witha staticmarginof0.05
at Mo= 1.4,and,as inthepreviousection,requiringthatthewings
haveequalrestoringmomentsat thislkchmmiber.Thecomparisonis
showninfigure28. Onthisbasis,itisagainapparenthatthetrian-
gularwingisthesuperiorwing,followedinorderbythesweptmd
unsweptwings.
Noticeinfigures26 and28 that sincethedampingcoefficientsof
allfivewingsinvestigatedarereferredtotheM.A.C.of the A = 3
triangularwingandsinceallwingshaveequalrestoringmmentsat
~ = 1.4,theresultsof figures26 and28 maybe compweddirectly.
Hereitappesrsthatthe A = 2 triangularwingisthemostdesirable
wingfroma longitudinal-dynamic-stabilitystandpoint,andthe A = 3
unsweptwingtheleastdesirable.Asmentionedpreviously,however,
. itshouldnotbe inferredthattheresultof thiscomparisonimplies
a recommendationfortheuseof trian~ar ratherthanunsweptwings.
Obviously,theadditionof tailsurfacescouldalterconsiderablythe
relativedamping-in-pitchmeritsof thewingsinvestigated.
EffectofThickness
Ithasbeenshownbytheresultsof experiments(figs.9 to 12)
thatthesupersoniclinearizedpotentialtheoryprovidesa rellable
basisforpredictingthelow-frequencydamping-in-pitchcharacteristics
ofthinwingsof finitespan. Considerabledoubthasbeenshed,however,
overtheabilityof thelinearizedtheorytopredicthedynamicbehavior
ofwingsthatcannotbe classifiedas thin. Inrecentyears,a number
ofreportshavebeenissued(refs.25,26,and38)whichindicatethat
second-orderthicknesseffectshavea profoundlystabilizingeffecton
thedsmpinginpitchoftwo-dimensionalwings. Inparticular,efer-
ence26 indicatesthatby increasingthethicknessofan infinite-span
wingfromzeroto only4-1/2percent,theratherlargeregionof insta-
bilitypredictedby thelinearizedtheoryis completelyeliminated.In
contrasto theseresults,theappro~te analysis of thispaper
(seeTheory)indicatesthatthicknesseffectsarerelativelysmall,the
destabilizingeffecton
c% b~y Cmce’edby a “abi’iztig
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effecton CM. Inviewoftheseconflictingresults,itisof some
interestoobtainadditionalexperimentaldatawhichwouldse”rveto
clarifytheissue.Ofparticularinterestaretheeffectsofthickness
forfinite-spanwingB. Inthiscase,a limitedcomparisoncanbe made
betweentheexperimentalresultsfor.the3-percentA = 4 triangular
wingofthisreportandtheresultsofreference10 fortwo6-percent
triangularwingshavingthesameaspectratio.Asidefromthediffer-
encesinprofileandsmalldifferencesinthedimensionsofthebodies,
themodelsandtestconditionsofthetwoexperimentswerealmostiden-
tical. Thecomparisonis showninfigure29. Itisseenthatforthis
wing,theeffectsofthicknessaresmallandareinthedirectionof
decreasingstabilitywithincreasingthickness.Ofprimaryimportance
isthefactthatallthewingsexhibitregionsofMachnumberoverwhich
_ic instabilityisexperienced.
Althoughadmittedlytheexperimentalevidenceinfigure29 isnot
conclusive,neverthelessinthelightoftheseresultsitisdifficult
to acceptthoseresultswhichindicatethatlargestabilizingeffectsof
thicknessarepresenton infinite-spanwings,especiallyinviewofthe
factthatthebehaviorofa triangularwingwithsupersonicedgesis in
manywaysquitesimilarto thatofan infinite-spanwing.
EffectofNonlinearities
Fromexaminationf theexperimentaloscillation-decayrecordsat
bothlowsubsonicandallsupersonicspeeds,itwas-evidentthatthe
assumptionofa linearsecond-ordersystemwaswellJustified.Aside
froma moderatesmountof scatter,a decaycurvecouldbe fittedby an
exponentialcurveovera widerangeofamplitudes,verifyingthatthe
dampingparameterwasessentiallyindependentofamplitude.At highsub-
sonicspeeds,however,thislinearbehaviorwasnolongertrueformost
of thewingstested.As an example,figure30showstheoscillation-
decayrecordforthe A = 3 triang~arwingat ~ = O.w. Itis seen
thatafteran initialdisplacementtheamplitudeofosci~ationquickly
diesouttoa lowlevel,buttheresustainsitselfindefinitely.
Similarphenomenahavealsobeenreportedintheforcedoscillation
experimentsofreference35 fora wing-bodyc-ombinationhavinga trian-
gularwingofaspectratio4 andinflight estsofvarioushigh-speed
aircraft,partic@arlytaillessaircraft.Thedeleteriouseffectsof
suchsustainedoscillationsonthequalitiesofanaircraftas a gun
platformorfroma structuralstandpointareobvious.Itistherefore
of considerableimportancetogainanunderstandingofthephenomenon,
witha viewtowardadvancingmeansofeliminatingit.
At thepresentime,insufficientinformation,eithertheoretical
or experimental_,isavailableto enablea completeandauthoritative
.
.
—
.
NACARMA52mh 59
. descriptionfthephysicalevent;a tentativehypothesisistherefore
advancedinstead,whichwouldappeartofittheobservedfacts.Itmust
be emphasized,however,thatinthelightofadditionalinformation,the
.
assumptionsandconclusionsdrawnheremayrequireconsiderabler vision.
Specifically,theobservedfactsarethese:(1)Thedamping
coefficientishighlynonlinear,beingnegativeor stabilizingforangles
ofattackgreaterthanabout1°,andzeroat 1°. The~ssibilitythat
thenonlinearityiscausedentirelyby scaleeffectsand/orwind-tunnel-
wallinterferenceis rued out by thefactthatsimilarbehavioris
observedinfull-scaleflighttests.(2)Thefrequencyofoscillation
isessentiallyconstanthroughouttheamplituderange,implyingthat
therestoringmomentisa linearornearlylinearfunctionoftheangle
ofattack.
Fromtheseobservations,itishypothesized
differentialequationgoverningthemotionisof
I&+q(@) ~+ K%= O
where p(a,~)representsthedampingcoefficient
of theangleof attackandangularvelocity,and
thatthecharacteristic
theform
asa nonlinearfunction
I andK areconstants.
It isthereforenecesssryb searchfora mechanismthatcanaffect he
damp= ~ment toa muchlargerdegreethanitdoestherestoringmoment.
In thisregard,it ispertinentofirstreviewsomeofthecharacter-
isticsofwingsin steadytransonicflow. It iswellknownthatathigh
subsonicMachnumbers,theessentialfeatureoftheflowistheappear-
anceof shockwaveson thewingasthespeedofairoverthewingsurface
exceedsthelocalspeedof sound.Theseshockwavescausel=ge changes
inthepressureandalsopromoteflowseparationneartheshockwave,
dueto thepresenceofadversepressuregradients.Theeffectsof these
disturbanceson thepitching-momentcharacteristicsofanunsweptwing
of aspectratio3 are showninreference39 andreproducedas curve(a)
in sketch(ee).Noticethat
i
cm
theslopeof thepitching I
momentispositiveforsmall
anglesof attack,indicating t (a)basicwing ---
thattheaircraftwouldbe lb) modified wing e~,
statically unstableinthat
range.Itwasslsoillus-
tratedinreference39that
by reducingthecurvatureof
thewingprofilenearthe
trailingedge,thereby Sketch(ee) ‘
reducingthetendencytowardseparation,thepositiveslopethroughzero
couldbe eliminated..Thisresultisshownas curve(b)insketch(ee).
By virtueof thebeneficisd.effectofreducingseparation,it isargued
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herethatintheabsenceof separationa dstrongshockson thebasic
wing,thevariationofpitchingmomentwithangleofattackwouldbe
nearlylinear,as shownby curve(a)in sketch(ff),andthattheeffects
ofthesedisturbancescan
+
, cm be lumpedinto an additional
basicwhg ~ momentvariation,curve(b),
Id
{a} suchthatthesumof (a)
-’-. and(b)thengivesthe
---
---------- observednonlinearvariation.
Fortriangularwings,
thereversalin slopeof the
pitchingmomentat small
Sketch(ff) anglesofattackdoesnota~year(seerefs.29, 30,
and31). This,however,doesnotprecludethepresenceofthenonlinear
variationdueto separation.Fora triangularwingwithcenterofgrav-
ityat,say,thequarterM.A.C.point,theslopeofthepitching-moment
curvecanbe quitelarge.As seenin sketch(gg)jthelinearvaria-
tion(a)canthengreatlyoutweightheeffectofthenonlinearcurve(b),
withtheresultthata scarcelyevidentnonlinearityappearsinthe
combinedcurve.
jcm
.
A
\ \
Theprecedingexamplesweretakenfromthe
resultsof staticmeasurements,wheretheangle
ofattackissimplytheanglebetweenthechord
lineofthewingandthelh$ee-streamdirection.
Whenthewingisoscillating,however,each
point ~ measuredfromtheaxisofrotation
experiencesanadditionalangleofattack
&~/Vo,dueto theangularvelocity.Thenif
thesteady-statepitching-momentvariation
causedby theseparation(curve(b)in
sketch(gg))isapproximatedintherange
O’Ca<& by
Sketch(gg)
intheunsteadycaseitis,
“(U+$9=’F’+%I-’F+W3
(54)
.
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.
.
wherenow ~ isassumedtobe thedistancefromthesxistothepoint
atwhichtheadditionalliftdueto separationisconcentrated.gNow,
sinceforslowfrequencies&~/V. is muchsmallerthan a, allbut
first-ordertermsin & areneglectedsothatequation(54)becomes
Thecharacteristic
V. [a-3ba2]Cm = a [a-ha=]+ % (55)
equationofmotionthenbecomes
.-.
1~-~
“{ {
[~~1 + % [a-3ba2]~ - a C%+[a-ba2]
J }
= o (56)
2V0 c
where[Cw+C~] andC% arethe(constant)stabilityderivativeswhich
wouldbe ~resentintheabsenceof separation.Thus,it appearsthat
althoughtheeffectofthenonlinearityontherestoringmomentcanbe
insignificant,thepossibilitystillremainsthatthedampingmomentcan
be profoundlyaffectedintheeventthat[C~+Cm&]is sufficientlysmall.
Noticethatwhen[C%+C@] + 2~a/@ isgreaterthanzeroandifthenon-
lineartermintherestoringmomentcanbe ignored,equation(~) takes
ontheform
. .
a- 2ti(l-ua2)+ K2m=O (57)
Equation(57)isthenrecognizedasbeingthewell-lmownVanDerPol
equationofnonlinearmechanics.Itisevidenthatforsmallvalues
of a the-ping termisnegative,leadingto a divergentoscillation,
whereasforlargera, thedampingtermispositive.A stableregime
th~eforewillexistwhere a = @ ~d oscillationsof eitherMge
or smallamplitudewillconvergeto thatregime.
Thus, by theassumptionsofamadditionalnonlinearpitching-moment
variationcausedby flowseparationanda sufficientlysmalldamping
momentintheabsenceof separation,theobservedphenomenonofa small-
amplitudeself-sustainedosci~aticncanbe hypotheticallyexplainedas
beingduetothedestabilizingeffectofthenonlinearityintherestor-
ingmomentonthedampingmoment.
‘Itisrecognizedthatusuallythenonlineareffectsof shock-wave
boundary-layerinteractiona dflowseparationaremarkedlyreduced
duringnonsteadymotions.However,forthelow-frequencyoscillations
ofthepresentests(oftheorderof onecycleper100chordlengths
of travel),it isbelievedthattheeffectsof separation,thoughper-
hapslessseverethanforthesteadycase,areneverthelesstill
present.
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The resultsofa theoretical and experimental investigation of the
single-degree-of-freedomdamping in pitch of a series of low-aspect-ratio
wing-body combinations made at subsonic and supersonic speeds lead to the
foILowing conclusions:
1. In theMachnumber range 1.2to1.9, theoretical and e~erimen-
talvaluesof thedamping-in-pitchcoefficient~ + Cm wereingmd
agreementfortriangularwingsofaspectratios2, 3,and4,andswept
wingofaspectratio3.
2. Theoretical predictions of the existence of ranges of center-
of-gravity positions for a range of Mach numbers &’eater than 1.2over
whichdynamicinstability may be expected for the aspect ratiok trian-
gularwingandtheaspectratio3 sweptandunswept wings were confirmed
by theexperimentalresults.
3. Thepredictionby thetheoryof thebeneficialeffectonthe
dampinginpitchat supersonicspeedsofa reductioninaspectratiowas
borneoutby theresultsofexperimentsforthetriangularwingshaving
aspectratios2, 3, and4. M theMachnumber ange1.2to1.9, the
aspectratio2 winghadthelargestdampingmomentsthroughouttherange
ofMachnumbersandtheaspectratio4 wing,thesmallest.
4. Experimentalresultsforthestabilityboundariesinthesuper-
sonicspeedrangeofthreewingsofaspectratio3 havingtriangular,
swept,andunsweptplanformsconfirmedthetheoreticalprediction
regardingtherelativemagnitudesof theregionofMachnumberamd
center-of-gravitypositioninwhichdynamicinstabilitycouldbe experi-
enced.IntheMachnumberange1.2to1.9,noregionofinstability
existedforthetriangularwing. TheregionOf instabilityforthe
unsweptwingwasconsiderablyargerthanforthesweptwing.
5. Theeffectsofprofilethicknessonthedampinginpitchat
supersonicspeedsof triangularwingsofaspectratio4 andthickness
ratiosof 3 percentand6 percentwerefoundtobe smallandinthe
directionof decreasingstabilitywithincreasingthicknessratio.
6. Theoccurrenceata klachnumberof 0.9of small-amplitudeself-
sustainedoscillationsofthetriangularwingofaspectratio4 andthe
triangularndsweptwingsofaspectratio3 wasattributedtoa desta-
bilizingeffectonthedempingmomentofnonlinearitiesintheaero-
dynamicrestoringmoment.
AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics
MoffettField,Calif.
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APPENDIXA
.
TRANSFEROF~
.
Theproblemtobe solvedmaybe posedas: Giventhedamping
coefficient%+% ~dther estoring-momentcoefficient~ about
twoaxesofrotation,a knowndistanceapart,findthedsmpingcoefficient
aboutanarbitraryaxis.
Forsingle-degree-of-freedomrotaryoscillationsaboutaxis(1)the
dsmpingcoefficientiswrittenas
wheretheaxis(o)ischosenas a referenceaxis,[Q% + %-]:s lalown,
and 21 istheWown (nondimensionalized)distanceofaxis(1)aheadof
axis(o). Forpitchingaboutaxis(2),thedampingcoefficientis
. where[cmq+ ~] -d X, areknown.
Therelationship~f theaxes(1)and(2)tothereferenceaxis(o)is
.
showninsketch(hh).Notethatifthereferenceaxis(o)ischosento
be coincidentwiththeaxispassingthrough -
theaerodynamiccenter,thenthequantities‘x
=.[%lo.d=.[;~c:~u:) --R!, - ‘-
and(A2)arezero.
2 Sketch(hh)
.
.
areknown,theparameters
c% ‘d NO maybe determinedfrom
[42- [~11
CL= ~l_&
F40= [~11+ “c% 1
(A3)
With C and& [1%
determined,itisnow
tions(Al)and(A2)~imultaneously.
Let [@q+ c%],=s.
~mq+~],=’b
[1
2c~ =C
o
2c& = d
NACARMA52L@@
possibleto solveequa-
-[_
a-b- C(Z1- Z=]+ d[X12- 222]
II
=e
xl- X2
%1=a.- Sl[c-e] + dR12= f
Jo I
The d
T
ingcoefficientabouten arbitraryaxis,with Z referred
axis(o andmeasuredaspositiveaheadofaxis(o)>istherefore,
[~+~l=f+’c-se-”d
.
.
—
—
(A4)
.
to
.
(A5)- -
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Figure 14.– Experimentalpitching-moment-curvesbpesfor the wing-
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Figure/5.- Experimentalpitching- moment-curveslopesfor the wing-
body combinationhovingo triangularwingof aspectratio 3.
Axes of rotoiion at 0.25E und 0.35F.
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Figure/6. - Experimentalpitching-moment-curveshpesfor ihe wing-
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Figure 20.–Experimental lift -curveslopesfor the wing-body
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